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Abstract. The current strategy for the discard of satellites of the Global Navigation Satellite Systems (GNSS) is to 
place these satellites in disposal orbits 500 km above and below of the nominal orbit. However, in doing that, due to 
the fast increasing of the population in  this region, a potential problem appears due to the real possibility of collisions 
among these disposal satellites, which will generate significant and unwanted debris. Several studies have been made 
to develop alternative strategies to mitigate this problem. In this work, we propose simple, but efficient techniques 
exploiting Hohmann type maneuvers combined with the use of the 2:1 resonance between the argument of perigee and 
the longitude of the ascending node, to increase the orbital eccentricity of the satellite, promoting atmospheric 
reentrance. The results are showed in terms of the increment of velocity necessary to transfer the satellites to new 
orbits. Some comparisons with direct discarding maneuvers (Hohmann type) are also presented. We use the exact 
equations of motion, considering the perturbations of the Sun, the Moon, and the solar radiation pressure. The 
geopotential model was considered up to order and degree four. 
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1. INTRODUCTION 

 
Global Navigation Satellite Systems is a general denomination for constellations of navigation satellites, such as 

GPS (USA), Glonass (Russian), Galileo (European), and Beidou (Chinese). The GPS has 31 active satellites in orbits 
with altitude near 20,000 km and 56 degrees of inclination. This value of the inclination is the same one used for the 
Galileo system (four active satellites, with approximately 23,000 km of altitude). The Beidou system has 15 satellites, 
but only one in MEO (Medium Earth Orbit) with inclination about 56°. The remaining satellites are in GEO 
(Geosynchronous Earth Orbit), with inclinations about one degree (9 satellites) and 55° (5 satellites). The Glonass 
system has 31 active satellites with inclinations ranging between 63° and 65°, and 19,129 km of altitude. We will not 
consider the Glonass system in this work, as well the Beidou satellites with inclination of one degree, because our 
technique is mainly devoted for satellites with inclinations around 56°, region where the 2:1 resonance is very efficient. 

An important characteristic of the GNSS satellites that are in MEO is the effect of the J22 and the J32 harmonics of 
the geopotential, which cause short periodic variations in the semi-major axis (Vilhena de Moraes et al., 1995; Ferreira 
and Vilhena de Moraes, 2009). This fact occurs because these satellites are in the vicinity of the 2:1 resonance between 
the orbital period of the satellite and the spin of the Earth. In general, the tesseral harmonics induce perturbations with 
short period and low amplitude in the orbital motion of the satellites. However, in the presence of this specific 2:1 
resonance, these terms may produce effects of high amplitude and long period (Allan, 1967; Rossi, 2008). 

In this scenario, the current way to discard the satellites of the GNSS is to transfer the satellites to orbits that are 500 
km above or below the nominal orbit (NASA, 1995). With the increase of the debris around the Earth and the discovery 
that these disposal orbits are potentially unstable (Chao, 2000; Gick and Chao, 2001), many efforts have been made to 
create new strategies and techniques to discard these satellites (Chao and Gick, 2004; Jenkin and Gick; 2005, Jenkin 
and Gick, 2006; Sanchez et al., 2009; Pardini and Anselmo, 2012). From the analysis of the initial conditions which 
lead to the previously mentioned instability (a significant growth of eccentricity), caused by the 2:1 resonance between 
the argument of perigee () and the longitude of the ascending node (), some works suggest to move the disposed 
satellites to regions such that the growth of the eccentricity does not allow the disposed satellites to invade the region of 
the operational satellites, at least for some acceptable time. This strategy may present certain inconveniences, such as an 
accumulation of objects in the disposal region, increasing the risk of collisions between disposed objects, generating a 
new source of hazardous debris. 

On the other way, there are some works that suggest transferring the disposed satellites to appropriate orbits such 
that the new initial conditions lead to an increase of eccentricity. The main goal is to lower continuously the periapsis 
radius of the disposed satellites, provoking their entrance in the atmosphere of the Earth. A positive characteristic of this 
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approach is the decrease in the number of space debris, so reducing the collisional risk between inactive objects. 
Although the increase of the eccentricity may lead to a possible increase in the collisional risk between disposed and 
active objects, this risk can be minimized with a proper choice of initial conditions, which can accelerate the decay of 
these satellites. Therefore, the time that the satellite takes to reentry in the atmosphere is an important question related 
to the cost and success of this strategy. 

Our study evaluates the use of the strategy of eccentricity growth under the effect of the 2:1 resonance between 
perigee and ascending node in comparison with the direct discard using a Hohmann type transfer. This comparison is 
shown in terms of the velocity increment necessary to perform the atmospheric reentry. For the strategy that uses the 
resonance, grids of initial conditions were generated to evaluate the maximum eccentricity reached by the satellites after 
250 years considering their nominal altitudes and also considering an apoapsis radius 10,000 km above and below their 
nominal apoapsis radius. Testing different initial altitudes makes sense, since our purpose is to lower the periapsis of the 
orbit to drive the satellites to enter in the atmosphere within some pre-fixed time interval.  We will see that these tests 
also show the “strength” of the resonance for different values of the semi-major axis of the orbit of the satellite, since, 
from the mathematical point of view, the 2:1 resonance between perigee and ascending node always exists, no matter 
what is the altitude of the satellite.  
 
2. THE RESONANCE   ̇   ̇     AND ITS EFFECTS 

 
For the GNSS satellites, usually the oblateness is the dominant part and the single averaged form (Sanchez et al., 

2009) it is given by:  
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where n is the mean motion of the satellite and RP is the mean equatorial radius of the Earth. 

In this case, the main frequencies of the system are given by: 
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The ratio between  ̇  and  ̇  is: 
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For k = integer we have the special resonances which do not depend on the semi-major axis, as we said before. 

These resonances usually affect the eccentricity (Yokoyama, 1999).  For      we have   ̇   ̇    for I = 56.06° or 
I = 110.99°. Another classical resonance occurs when I = 63.4°, so that  ̇   . 

The closer the inclination of the GNSS satellite is to 56.06°, the stronger will be the effect of the resonance on the 
eccentricity (Sanchez et al., 2009). In order to see the effects of this resonance, the osculating equations of motion of a 
satellite will be integrated. For the moment, as disturbers, we consider only the Sun and the oblateness of the Earth (the 
complete Cartesian equations involving the remaining disturbers will be given in the next section). Figure 1 shows the 
effects of the resonance on the eccentricity and on the resonant angle. Note that an initial small eccentricity reaches a 
significant increase. 
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Figure 1. Time evolution of the eccentricity (left) and the critical angle (right). Initial conditions: a = 30,647 km, e = 
0.005, I = 56.06° and other elements equal to zero. In the simulations we consider only the Sun and the oblateness of the 
Earth as disturbers. 

For the inclination I = 56.06°, the dominant resonant term in the double averaged solar disturbing function ( ̂ ) is 
   (       ). Neglecting the remaining terms of  ̂  (a full development of the single and double averaged 
disturbing function of the Sun is found in Sanchez et al. (2009)), the Hamiltonian of the problem is: 
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where k is the gravitational constant,    is the mass of the Sun and   ,   ,   , are, respectively, the modulus of the 
position vector, the inclination and the ascending node of the Sun.      
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Taking   √  (    ) ,    √    ,       ( ), l = mean anomaly, g, h, the set of the 
Delaunay variables, and performing a Mathieu canonical transformation (Lanczos, 1970), we have: 
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The orbit of the Sun is assumed to be Keplerian and we also considered     ,     . In (Pi, i) variables, our 
Hamiltonian is a one degree of freedom problem, whose dynamics is very similar to the Lidov-Kozai resonance. In Fig. 
2 we consider an initial eccentricity e0 = 0.005 and semi-major axis a = 30,647 km. This figure is very instructive: note 
that in the bottom part there is a large region where the satellite remains some finite time with very small eccentricity. It  
corresponds to the region where       , which is the region of interest for the minimum eccentricity strategy 
study shown in Sanchez et al. (2009). On the other hand, we have the counterpart of this situation at the top of the 
figure: very high eccentricity, which occurs again for       . This is our region of interest, because we intent to 
use this increase of eccentricity to discard the satellites. It is worth noting that, if the semi-major axis is high, the effect 
of the Moon cannot be neglected, so that the problem is no more a one degree of freedom problem. In this case the 
search of the (   ) pair such that the eccentricity increases must be done by integrating the complete equations of 
motion. A full characterization of this resonance is found in Sanchez et al. (2009). 

The time that the eccentricity demands to reach high values is determinant to the utility of this resonance in the 
discard of the satellites. In the next section we will take into account this criterion in the search of initial conditions that 
causes an increase in the eccentricity.  
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Figure 2. Level curves of the Hamiltonian ( ̃   ̃  ), showing the eccentricity variation versus resonant angle. 

  
3. INITIAL CONDITIONS FOR THE STRATEGY OF INCREASING THE ECCENTRICITY 

 
In the previous section, we considered only the effects of the Sun and the oblateness of the Earth. Moreover, in the 

presence of the resonance, the main effects are now governed by the long term variations, since we considered the 
averaged problem. From a theoretical point of view, this averaged system is quite efficient to highlight the basic 
dynamics that affects the eccentricity of the GNSS satellites. However, for a more complete and realistic study we need 
to include more disturbers. 

In this section we want to find some special initial conditions such that the eccentricity of the satellites reaches high 
values within an interval of 250 years. The strategy to search for these particular initial conditions is guided from the 
theoretical approach described in the previous section. 

We integrate the exact equations of motion of a satellite to be disposed of the GNSS (which have inclination around 
56°) under the effects of the Sun, the Moon, the oblateness of the Earth, and the radiation pressure coming from the 
Sun. We use the RADAU (Everhart, 1985) integrator written in FORTRAN language and compiled using a Linux 
system. 

The acceleration of the satellite using the exact system is: 
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where G is the gravitational constant, MT,   , ML are the masses of the Earth, the Sun and the Moon, respectively. r, 
  ,    are, in order, the position vector of the satellite, the Sun and the Moon.    is the acceleration due to the 
disturbing geopotential up to order and degree 4x3, given by the GEM10 model (Kuga et al., 1983).     is the 
acceleration due to the radiation pressure of the Sun, given by Mignard (1991), and Beugé and Ferraz-Mello (1994): 
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where    (             )

 

 
   , being A and m the cross section area and the mass of the satellite and Qab = 1 

is the absorption efficiency factor. 
Figures 3 and 4 show the initial pair (   ) and the maximum eccentricity reached in 250 years. The other initial 

elements are a = 26,559.74 km, e = 0.005, and I = 56.06°. We consider two values for the inclination of the Moon, I = 
18.28° and 28.58°. We show that the initial value of the inclination is important, as shown in Figs. 3 and 4. The two 
straight lines represent the exact condition 0. Note that now we have added the Moon to our system, so that its 
effects can enhance the time variation of the eccentricity. The very smooth behavior (eccentricity-resonant angle) seen 
in Fig. 2 certainly will be lost as well as the position and the magnitude of the maximum and minimum values of the 
eccentricity. This is expected since now the satellite will be under the action of the disturbance of the Moon whose 
effect is about two times larger than the Sun. We also should point out that, in most of the cases shown in Figs. 3 and 4, 
the eccentricity does not reach high values in less than 200 years. Although this time is below 250 years, this is not 
acceptable in practical terms, because it increases the risk of collision between active and disposed satellites. 
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Figure 3. The color scale shows the maximum eccentricity reached in 250 year of evolution of the orbit of the satellite. 
Initial conditions: a = 26,559.74 km, e = 0.005, I = 56.06°. The straight line satisfies the relation 0. Initial 
inclination of the Moon is equal to 18.28°. The dynamics consider the exact system. 
 

 
Figure 4. The same of the previous figure, but with IL = 28.58°. 

 
Figure 5 shows the results for a complete set of initial conditions of a GPS satellite (NORAD 22108) for the epoch 

April 4, 2012. The initial conditions of the Moon and the Sun are adjusted for the same epoch, because the initial 
conditions of the perigee of the Sun are significant. We note the growth of the regions with high eccentricities. 
However, again, in all cases the time for the eccentricity growth is very large (200 years). A more realistic condition 
requires not only the increase of the eccentricity, but the decay of the periapsis radius to values below than 6,978 km 
(periapsis altitude of 600 km). This value depends on the area to mass ratio of the satellite (Campbell et al., 2001). 
Therefore, in our simulations we are interested in obtaining sets of initial conditions that satisfy this precise concept, so 
that after some pre-fixed time, we can guarantee that the satellites really end up re-entering into the atmosphere of the 
Earth. 
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Figure 5. The same of Figs. 3 and 4. Initial conditions: a = 26,561.1206 km, e = 0.0220, I = 56.2641° (NORAD 22108). 
IL = 21.78°, Sun = 105.43° (Epoch 04/12/2012).   
 

In an attempt to reduce the time that the eccentricity demands to reach high values, we decrease the initial value of 
the satellite apoapsis radius in 10,000 km with respect to its nominal value. The result is showed in Fig. 6. Opposite to 
what is desired, note that the region with high values of eccentricity almost vanished. This can be explained by our 
averaged model Eq. (5): the smaller is the semi-major axis (altitude), the weaker is the effect of the   ̇   ̇    
resonance, that is, for satellites in lower orbits (small semi-major axis) the net effect of this resonance is negligible, in 
spite of its existence. Figure 6 clearly shows this fact. In this sense, we take an initial apoapsis radius 10,000 km above 
the nominal value. Figure 7 shows that the regions with high eccentricity are larger than in the previous figures, as 
expected. 

 
Figure 6. The same of Fig. 5, but with apoapsis radius 10,000 km below the nominal value. 
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Figure 7. The same of Fig. 5, but with apoapsis radius 10,000 km above the nominal value. 

 
As explained before, an analysis of which initial conditions in Fig. 7 drives the periapsis altitude to be below than 

600 km is necessary. Figures 8 and 9 show the complementary information for that. Figure 8 shows the regions where 
the apoapsis altitude decreases to values less or equal than 600 km within 250 years. Comparing this figure with Fig. 7, 
we see that although the eccentricity can reach high values (0.8 for example), we see that this not enough to lower the 
periapsis altitude to penetrate into the atmosphere (in our case 600 km). Moreover, to decide the best initial pair 
(perigee and longitude of ascending node) to discard a satellite, we also need to consider the amount of time which will 
be spent by the satellite to reach 600 km of periapsis altitude. The search of these conditions is easily done directly from 
the simulations. In fact, fortunately, in the (, Ω) plane, the region covered by the conditions we are looking for is 
significant. In Fig. 9, in blue color, we have an interesting view of the main initial conditions. In Fig. 10, the time 
evolution of one specific orbit is given. Thus, increasing the semi-major axis of the satellite (via orbital transfer) so that 
the apoapsis radius raises, for example, 10,000 km above its nominal value, is a viable way to exploit the resonance to 
discard the GNSS satellites. In the next section we make a comparison of the cost (in terms of the increment of velocity) 
between the discard via resonance and the direct discard. 

 

 
Figure 8. Initial conditions (, ) of Fig. 7 in which periapsis altitude has reached at least 600 km (or less). In the white 
regions the periapsis altitude does not reach 600 km in 250 years of integration. 
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Figure 9. Time required for the periapsis altitude to reach 600 km in integrations of Fig. 7 as a function of the initial 
perigee and ascending node of the satellite. In the white regions the periapsis altitude does not reach 600 km during 250 
years of integration. 

 

 
 

Figure 10. Temporal evolution of the eccentricity (left) and the periapsis radius (right) of a satellite with initial 
conditions: a = 31,557.9896 km, e = 0.17698, I = 56.2641,  = 22°, and  = 236° (marked by a black circle in Figs. 7, 
8, and 9). The periapsis altitude reaches 600 km after 50 years. 
 
4. THE DIRECT DISCARD COMPARED WITH THE DISCARD VIA RESONANCE 

 
The transfers chosen for the direct discard and for the increase of the semi-major axis in the technique of discarding 

via resonance are both of the Hohmann type (Vallado, 2007) because, in both cases, they are the simplest and fastest 
solution. 

Classically, the Hohmann transfer is coplanar, and consists in the application of two increments of velocity   : the 
first one (   ) at the periapsis of the initial orbit (point A, in Fig. 11) that puts the satellite in the transfer orbit (dashed), 
and the second one (   ) applied at the apoapsis of the transfer orbit (point B) that puts the satellite in the final orbit, 
which have apoapsis coincident with the one of the transfer orbit. 

Some differences appear between the original Hohmann transfer and the transfer that we use. Both orbits (initial and 
final) are elliptical in our transfer, including the one for the direct discard. The transfer occurs from point B to point A, 
and the second    does not exist, because we consider that the satellite has already entered in the atmosphere.     is in 
the direction opposite to the motion of the satellite. For the discard via resonance, the transfer occurs from the point A 
to point B, but     is not required, because this transfer is performed only to increase the apoapsis of the initial orbit. 
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Figure 11. Geometry of the Hohmann type transfer. 

 
For the direct discard, the apoapsis radius and the velocity at the point B of the orbit 3 are given by: 
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where a3 and e3 are the semi-major axis and the eccentricity of the orbit 3 and  is the gravitational parameter of the 
Earth. 

The periapsis radius (ra) is the equatorial radius of the Earth and the apoapsis radius coincides with the apoapsis of 
the orbit 3. Thus, we can calculate the eccentricity e2, the angular momentum (H), and the velocity in the apoapsis (v2) 
of the orbit 2 (Curtis, 2005): 
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The increment of velocity in B (and consequently the increment to perform the direct discard), is: 

 
         .                                                                                                                                                          (15)  

 
Table 1 shows the results of the direct discard transfers applied on some elements of the GNSS that have 

inclinations around 56° and that resides in MEO. The initial conditions was collected in the Celestrak Catalog (2012) 
and correspond to April 18, 2012 epoch. The initial conditions of the Sun and the Moon also correspond to the same 
epoch. The NORAD number is the satellite identification, a0, I0, e0 are the semi-major axis, inclination and eccentricity 
of the initial orbit, v is the increment of velocity to execute the transfer, T is the period of transfer, and e the 
eccentricity of the final orbit. Figure 12 presents the tridimensional representation of the transfers for the satellites 
20959 and 22014, where x, y and z are the components of the vector radius of these satellites, in km. 

 
Table 1. Results for the direct discard transfers. 

 
NORAD a0 [km] I0 [degree] e0 v [km/s] T [h] e 

20959 26560.7664 54.5454 0.011944 1.44298304067 2.9633 0.6164 
22014 26560.1638 56.3669 0.020705 1.42793604813 2.9944 0.6191 
22108 26561.1206 56.2641 0.022017 1.42568876224 2.9993 0.6195 
22700 26559.8276 56.4089 0.017141 1.43388624044 2.9818 0.6180 
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Figure 12. Tridimensional representation of the Hohmann type maneuver executed for the satellites 20959 (black) and 
22014 (red). 

 
The procedure to calculate the    to increase the apoapsis in the discard via resonance is quite similar to the 

previous calculation, and is omitted here. The final orbit in this case is the most eccentric orbit and this fact increases 
the solar perturbation. The limit to increase the apoapsis radius would be such that the correspondent    would be equal 
to the    spent in the direct discard and such that the final orbit does not cross the GEO. Table 2 shows some results of 
this transfer for the satellite NORAD number 22108, where rapo is the increment in the apoapsis radius, af and ef are 
the final semi-major axis and eccentricity, T is the transfer time, and v is the velocity increment that has to be applied 
to the satellite. The adjustment in the values of  and  occur without any cost, because these angles have precession, 
and the discard could be planned when their values reach the desirable ones. 
 

Table 2. Results of the discard via resonance transfer. 
 

rapo [km] af [km] ef T(h) v [km/s] 
10000 31557.98957 0.17699 7.7489 0.2896220183 
15000 34057.98957 0.23740 8.6877 0.3973314563 
20000 36557.98957 0.28955 9.6617 0.4882128746 
25000 39057.98957 0.33503 10.6695 0.5659710974 
30000 41557.98957 0.37503 11.7101 0.6332858627 

 
Comparing the v required by the direct discard with the    required by the discard via resonance, we can note that 

the most economical strategy is the discard via resonance, even for high values of rapo. 
To show the entire process of the discard via resonance, we take, as an example the case with 10,000 km of rapo. 

From Figs. 8 and 9 we can choose the initial pair (,) that makes the satellite to reach 600 km of periapsis altitude in 
the shortest time. This pair must be chosen as close to the current pair of the satellite as possible, because in this way, 
we have to wait less time for the satellite to reach the desirable value of (,) due to the natural precession of and . 
When these values are reached, the maneuver to increase the apoapsis radius is performed, raising the apoapsis radius 
by 10,000 km. The consequence of this process is to place a satellite in a more eccentric orbit (natural consequence of 
the maneuver), which reaches 600 km of periapsis altitude in 50 years. This time is comparable with the time that the 
upper stages of the rockets that send the satellites Beidou and Galileo into orbit takes to reenter in the atmosphere of the 
Earth (Anselmo and Pardini, 2011).  

We can decrease the time of discard by taking other values of rapo keeping the same values of  and  from Fig. 9. 
Figure 13 shows the time in which the periapsis radius reaches the value of 600 km of altitude during the numerical 
integration for several values of rapo. We can verify that, if we take a pair (,) in the unstable region of Fig. 8 (and 
consequently Fig. 9) and increase the apoapsis radius, the time of discard is reduced. However, from rapo equal to 
18,000, the time has an erratic distribution, which leads to an optimum value of rapo around 10,000 km. 
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Figure 13. Time required for the periapsis radius to reach 600 km of altitude as a function of the rapo. 

 
5. CONCLUSIONS 

 
We found an alternative method to discard the satellites of the GNSS which are in MEO and have inclinations 

around 56°, by using the resonance   ̇   ̇    and an orbital transfer to increase the apoapsis radius of the satellite to 
be disposable. We found sets of initial conditions such that the eccentricity of the satellite reaches high values, usually 
in less than 250 years. In comparison with the direct discard, the alternative method takes advantage, in terms of fuel 
expenditure. That is showed in terms of the increment of velocity that has to be applied to the satellite. The time 
required for the disposal is clearly shorter when compared to the time required to dispose the upper stages of rockets. 
Our technique provides the initial conditions which lead to high values for eccentricity of the orbit of the satellite much 
faster than those presented in previous work. The additional information of Figs. 8 and 9 guarantee the reentry in the 
atmosphere in the shortest possible time. 

Although the focus of our work are the MEO satellites of the GNSS, and since the eccentricity grows faster when 
the satellite is closer to the Sun, we wonder on the long stability of the members of the Beidou constellation. Their 
inclinations are close to 56° and they are in the GEO region. The effects of the resonance   ̇   ̇    may be more 
intense for satellites in GEO, increasing possible risks of collisions. 
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