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In a swing-bymaneuver, the variation of energy of the spacecraft is controlled by the angle, velocity, anddistance of

approach. These parameters are defined by the incoming trajectory, when the spacecraft is far from the planetary

atmosphere. The passage of the spacecraft by the atmosphere generates aerodynamic forces, affecting its trajectory

and giving new forms of control, which are functions of the attitude of the spacecraft. This maneuver is called

aerogravity-assist maneuver. This control can change the direction and magnitude of aerodynamic forces. Previous

results showed the influence of the lift-to-drag ratio and the effects of the application of impulses in this maneuver.

However, the variations of energy due to the control that can be given by the bank angle have not been studied before,

and this study constitutes the main new aspect of the present paper. In this research, it is implemented the classical

methodology to calculate the variations of energy to analyze the effects of the bank angle in aerogravity-assist

maneuvers. This analysis can identify regions of collisions and the variations of energy as a function of the bank angle,

giving new alternatives to this maneuver that are not available in the literature.

Nomenclature

A = spacecraft area, m2

AF = aerodynamic force per mass unit, N/kg
CB = ballistic parameter, m2∕kg
CD = drag coefficient
D = drag force, N
H = scale height, kg∕m3

h = altitude from the surface, km
L = lift force, N
L∕D = lift-to-drag ratio
m = spacecraft mass, kg
q = dynamic pressure, N∕m2

r1 = spacecraft–sun position vector, km
r2 = spacecraft–planet position vector, km
V = spacecraft velocity vector relative to the rotational

system, km∕s
VW = spacecraft velocity vector relative to the atmosphere,

km∕s
X, Y, Z = components in inertial system
x, y, z = components in rotational system
α = direction of the impulse, deg
β = bank angle, deg
ΔE = variation of energy per mass unit, km2∕s2
ΔV = magnitude of the impulse, km∕s
μ = gravitational constant, canonical units
ρ = atmospheric density, kg∕m3

Ψ = angle of approach, deg
Ω = potential, canonical units

Subscript

i = inertial system

I. Introduction

THE gravity-assist (GA) maneuver (GAM) is designed to generate
gains or losses in the orbital energy of a spacecraft making a

flyby around a target planet, resulting in changes in the flight direction
and velocity. The first results given by the pure GAM showed that
a spacecraft with pericenter at angles of approach of 90 and 270 deg
suffers the maximum losses and gains of energy, respectively [1].
Results from recent investigations showed the variations of energy
(VOE) due to the atmospheric influence during the close approach, in
situations where a spacecraft passes inside the atmosphere of a planet.
This is the “aerogravity-assist maneuver” (AGAM). To studied the
AGAM, it was assumed larger variations of the ballistic parameter to
observe the influenceof drag [2–4].Recent developments inhypersonic
unmanned vehicles would allow the application of thesemaneuvers for
future missions, because they are technologically viable in the present
and could give even better results using future technologies. Interesting
and actual examples of spacecraft that can take larger benefits of this
maneuver are the waveriders. Theoretically, the aerodynamic shape of
waveriders is able to generate high lift-to-drag ratio (L∕D) (compared
with traditional spacecraft geometries), with maximum values of L∕D
around 9.0, during the AGAM [2]. One difference between the GAM
and theAGAM is that theGAMhas been studied in detail and has been
applied in missions, such as Voyager and Messenger, and recently
during the BepiColombo’s Earth flyby (April 2020) [5–16].
If an impulsive maneuver is applied during the GAM, the direction

of the impulse works as one more control for the maneuver, changing
the effects of the GA. As a negative point, this powered maneuver
requires the use of a space propulsion system, resulting in fuel
consumption, and so increasing the cost of the mission. The possible
uses of this powered maneuver have been analyzed for planets and
moons of the solar system [17–24].When themaneuver ismade close
to planets that have significant atmosphere andusing a spacecraftwith
wing–body shape (waverider), theAGAMcould also be controlled by
the direction and/or magnitude of the aerodynamic forces generated
during atmospheric flight [2–4,25–32]. Since 2015, the combination
of the GA with the application of an impulse and a passage by
the atmosphere was studied. One of the advantages of the application
of this maneuver, called “powered aerogravity-assist maneuver”
(PAGAM), is to save propellant and to reduce the cost of the mission,
using energy from the aerodynamic forces. The use of powered flight
with atmospheric flight allows the use of two independent control
systems for the maneuver, which are very sensitive due to hypersonic
velocities [33–35].
In that sense, the present paperhas thegoal of studying a newversion

of this maneuver, where the bank angle is assumed to be variable and
constituting in a new form to control the AGAM and PAGAM, which
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was not used before. The mathematical model selected to analyze the
applications of the maneuvers and the resulting trajectories around the
center of mass of the orbital system is the circular restricted three-body
problem (CRTBP) [36], which is highly accepted in this kind
of problems [17–35]. The choice of this model is based on our solar
system, where the massive body is the sun, the secondary body is a
planetwith atmosphere used for themaneuver, and the third body is the
spacecraft, represented as a massless waverider. Planets of the solar
system, suchas Jupiter,Venus,Mars, andEarth, have atmosphereswith
densities large enough to generate important aerodynamic forces dur-
ing the passage of a spacecraft, when it is passingwith an altitude of the
pericenter lower than the atmospheric boundary with larger velocities,
which increase the effect of the aerodynamic forces.
Previous studies considered the implementation of the impulsive

maneuver during the GA [17–24], the control of the AGAM by
changing the ballistic parameter and the lift-to-drag ratios, and the
inclusion of the direction of the impulse to control the PAGAM
[2,25,33–35]. As an extension of those studies, the present paper
proposes a new approach to control the direction of lift (component
of the aerodynamic force) and to analyze this influence during the
PAGAM. Therefore, the novelty of the approach proposed here is the
consideration of a new type of control obtained by changing the space-
craft bank angle during the AGAM. Using this technique, the direction
of the lift is controlled, and so increasing or decreasing the effects of
the atmosphere and the gravity of the primaries in thewhole maneuver.
In terms of practical applications, the waverider spacecraft are ideal to
implement this technique due to the high lift-to-drag ratios in rarefied
flow during hypersonic flight [2,25,33–35]. Therefore, themain goal of
the present research was to analyze the PAGAMs around Earth, Venus,
andMars, observing howorbital parameters change as a function of the
bank angle, assuming to be varied from −90 to 90 deg.
This brief introduction described the use of the GAM and the

possible applications in extended maneuvers, such as AGAM and
PAGAM, showing the novelty to apply the bank angle to control the
lift direction during the passage. Presented in the next sections of this
paper are the mathematical model used to study this maneuver,
including the dynamic and aerodynamic models (Sec. II); the meth-
odology applied to observe the influence of the bank angle before and
after the passage, including the results and discussions (Sec. III); and
the conclusions (Sec. IV).

II. Mathematical Model

A traditional model to quantify the effects of the GAM in the
spacecraftVOEgiving by thepassage is theCRTBP,widely explained
in multiple studies, showing excellent results and validation of the
mathematicalmodel [17–36]. TheCRTBPdescribes an orbital system
formed by a set of three bodies, in this case the massive bodyM1 (the
sun), the second body M2 (target planet), both of them moving in
Keplerian orbits around their commoncenter ofmass, and a third body
of infinitesimal massM3 (waverider spacecraft). The waverider is in
orbit around the center of mass of the system (inside M1) when it
makes a passage nearM2 (see Fig. 1). In Fig. 1 (top), it is represented
as the position vector r, the direction of velocity vector V, the angles,
the components of the total aerodynamic force, and the three bodies in
orbital plane of the primaries. In Fig. 1 (bottom), it is represented as
the bank angle from thevertical axes of the line orthogonal to the plane
of the primaries.
The equations of motion are derived from the restricted three-body

problem [36] with the addition of the aerodynamic forces per mass
unit AF, which include the effects of the bank angle, changing all the
components of the lift. The equations of motion in the rotational
system represented in canonical units are

�x � 2 _y� Ωx � AFx (1)

�y � −2 _x� Ωy � AFy (2)

�z � −
�1 − μ�Z

r31
−
μZ

r32
� AFz (3)

These equations are described in the canonical system, and
the dimensionless coordinate transformation is presented in detail in
Refs. [1,15,36]. In this case, AFx, AFy, and AFz represent the aero-
dynamic acceleration components in the Cartesian rotational system.
The potential Ω of the CRTBP is a function of the position vectors

kr1k�
������������������������������������
�x�μ�2�y2�z2

p
and kr2k�

������������������������������������������
�x−1�μ�2�y2�z2

p
, and

the gravitational constant μ. Details of the transformations and math-
ematical proof are described in detail in Refs. [1,15,36]. Equation (4)
shows the potential:

Ω � 1

2
�x2 � y2� � �1 − μ�

r1
� μ

r2
(4)

Aerodynamic acceleration is generated by the total aerodynamic
force, which is composed of the lift and drag, which are defined in
the wind system VW (relative to the atmosphere), because the lift is
orthogonal to themotion of the spacecraft in the atmospheric flow and
the drag is opposite to the velocity of the spacecraft in this flow. Both
forces are functions of the dynamic pressure generated by the flow,
q � ρV2

W∕2, where ρ is the atmospheric density, which depends on
the altitude and the atmospheric properties of the planet [35]. The total
aerodynamic force is shown by Eq. (5):

AF � L�D (5)

For the first study on the potential of the proposed maneuver, with
the goal of proving the concept, the models of the atmospheric
densities on Mars and Venus are assumed to be exponential, which
means that ρ � ρ0e

�−h∕H�. In this case,H is the scale height, h is the
altitude of the spacecraft from the surface of the planet, and ρ0 is the
density of the atmosphere at this surface. The scale heights selected
are 11.1 km for Mars and 15.9 km for Venus, with surface densities
of 0.020 and 65 kg∕m3, respectively [37]. In the case of Earth, it
is possible to use a better atmospheric model, and the one selected is
NRLMSISE-00 [38]. The ballistic parameter or inverse of the ballistic
coefficient (CB � ACD∕m) includes the drag coefficient and the
spacecraft area-to-mass ratio (A∕m), and then the drag and lift mag-
nitudes can be expressed by Eqs. (6) and (7) [33–35]:

D � mqCB (6)

L � mqCB�L∕D� (7)

The drag acts opposite to the direction of the motion of the space-
craft and the lift is orthogonal to the wind velocity vector, with

Fig. 1 Description of the PAGAM showing the bank angle.
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components in the positive direction of z for−90 deg < β < 90 deg.
In this case, the direction of the lift is controlled by the value of the
bank angle β. When β � 0 deg, the lift is pointing in the vertical
direction with respect to the plane of the primaries (x–y). When
β � −90 deg, the lift is acting in the direction of the planet, and for
β � 90 deg, it is in the radial direction from the planet (opposite to
the planet). The components of the aerodynamic force in the wind
velocity system are described by Eq. (8) [39,40]. This equation must
be transformed to give their components in the rotating system to be
used by the numerical integrations of the equations of motion (1–3):

AFVw
�

2
64

−D
L sin β

L cos β

3
75 (8)

The VOE per mass unit are measured in the inertial reference
system, before and after the PAGAM, which means locations where
the spacecraft is far from the gravitational influence of the planet. The
results are obtained from the numerical integrations of the equations
of motion (1–3). The total VOE or ΔE generated by the maneuver is
thedifference between the total energy in the inertial reference system,
measured before and after the PAGAM [1,25,35]. Equations (9–11)
describe the energy variations before and after the maneuver and the
total variation. It is assumed that the total VOE comes from the
variation of the kinetic energy, because the maneuver is assumed to
be instantaneous, and so occurring in a fixed position [1,15,16]:

E− � 1

2
� _X2

I � _Y2
I � _Z2

I � (9)

E� � 1

2
�� _XI � Δ _XI�2 � � _YI � Δ _YI�2 � � _ZI � Δ _ZI�2� (10)

ΔE � E� − E− (11)

III. Results and Discussion

The mathematical model, previously presented, was implemented
in a computational code to integrate the equations of motion
[Eqs. (1–3)] using a numerical integrator Runge–Kutta F 7∕8. The
energies are measured before and after the AGAM or the PAGAM,
using Eqs. (9–11). In this case, the canonical units were used
during the numerical integrations to reduce the computational cost
and numerical error. One canonical unit of distance is equivalent to the

semi-axis of the orbit of the planet around the sun, and one canonical
unit of velocity is the orbital velocity of the planet around the sun
[1,15,16,36]. As a consequence of these choices, the specific energy
(energy by unit of mass) is expressed in units of the square of the
orbital velocity of the planet. To make conversions of units, the values
of the orbital velocities for the planets used in the maneuvers are
29.79 km∕s for Earth, 24.07 km∕s for Mars, and 35.02 km∕s for
Venus. This approach is traditional to quantify the influence of swing-
by in trajectories. More information about this technique and the
boundary conditions used in the present investigation is available in
Refs. [1,15–17,21–25,33–35].
Toperformour investigation,more thanhalf amillion of trajectories

were simulated for each planet. Because of the large number of results,
we concentrated our analysis in prograde trajectories. The approach
angles of 90 and 270 deg are selected because they are the ones that
extremize the VOE (90 deg gives maximum losses and 270 deg
maximum gains of energy) [1]. The directions of the impulses in the
orbital plane of the primaries (xy) cover angles from−180 to 180 deg
(α), which represent all possible values. The magnitudes selected
for the impulses are 0.0 km∕s for the analysis of the AGAM, and
0.5 km∕s for the PAGAM, which is a value reachable for most of the
traditional spacecraft propulsion systems. The L∕D ratio selected is
9.0, which is the largest value that could be reached by the current
technology. The direction of the lift (relative to the orbital plane of the
primaries) is a function of the bank angle, which is assumed to be
constant along the trajectory. Remember also that the lift is orthogonal
to the wind velocity vector. The drag coefficients are proportional
to CB, changing from 0.0 to 0.5 m2∕kg. The altitudes selected for
the periapsis are 120 km for Earth, 153 km for Mars, and 330 km for
Venus. The reason for these choices is that those values were used
before and they gave interesting trajectories. In the case of Earth, the
120kmof altitude represents the reentry boundary and larger values of
density during the approach. For Venus and Mars, the altitudes
selected have the same atmospheric density that on Earth at 120 km.
These altitudes are low enough to generate the aerodynamic forces,
but they are not enough to generate a large number of direct collisions
[25,33–35]. When the PAGAM is applied with a bank angle of 90 or
−90 deg, the lift is acting in the orbital plane xy, generating changes in
energy and semimajor axis without changes in inclination. When the
bank angle is −90 deg, the lift is pointing to the center of the planet,
and for a bank angle of 90 deg, it is pointing in the directionopposite to
the planet. When the bank angle is 0 deg, the lift is orthogonal to the
orbital plane (x–y) of the primaries, and it generates the highest
inclination changes if it is maintained in the vertical direction along
the trajectory [35]. For simulations with L∕D � 0.0, the trajectories

Fig. 2 VOE (in km2∕s2) for AGAM-E with L∕D � 9.0; ΔV � 0.0 km∕s, and Ψ � 90 deg (left) and 270 deg (right).
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do not change as a function of the bank angle, because there is no
lift force and the equations of motion are only affected by the drag.
Figures 2–12 show the results of trajectories near Earth, Mars, and
Venus. In total, more than 1.5million of trajectories were simulated to
analyze the energy variations.
To facilitate the analysis of the results, themaneuvers are classified

into three categories. The first one is a pure AGAM, without the
application of an impulse. The second one, for the range 0 deg ≤
β ≤ 90 deg, or positive bank angle, occurs when the lift has compo-
nents in the direction opposite to the planet and with a vertical
component with respect to the x–y plane. The third one occurs for
−90 deg ≤ β < 0 deg, when the lift is in the direction of the planet
(negative bank angles).
The results are presented in Figs. 2–12, showing the ballistic

parameter as the independent variable and the VOE as the dependent
variable. Because the VOE change as a function of the approach and
aerodynamic angles, a color scale was selected to quantify the energy
variations. For each figure, the red line represents the minimum

variations and the blue line the maximum variations. Because of the
differences of the variations according to the scenario and the planet,
the color scale is calculated for each scenario to easily identify the
effects.

A. Aerogravity-Assist Maneuver

The first scenario to be analyzed considers trajectories without
impulse, the pure AGAM, and the results are presented in Figs. 2–4.
All the trajectories for −90 deg ≤ β ≤ 90 deg present reductions of
the VOE, decreasing the losses with the increase of CB at positive
values of the bank angle (0 deg < β ≤ 90 deg; blue region for Ψ �
90 deg and red region for Ψ � 270 deg). This reduction in the
energy variation is due to the increase of the lift component in
the opposite direction to the planet, also reducing the effects of the
high-density regions and atmospheric flight. At themaximumCB, the
lift and drag forces are maximum, with larger influence in the angle
of curvature of the trajectory and the duration of the atmospheric
flight. These two factors change the effect of the component of the

Fig. 3 VOE (in km2∕s2) for AGAM-V with L∕D � 9.0, ΔV � 0.0 km∕s, and Ψ � 90 deg (left) and 270 deg (right).

Fig. 4 VOE (in km2∕s2) for AGAM-M with L∕D � 9.0, ΔV � 0.0 km∕s, and Ψ � 90 deg (left) and 270 deg (right).
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acceleration in the direction of the planet, as a function of the
direction of the lift.
For β � 90 deg, the direction of the lift is opposite to the planet

and the increases in altitude reduce the effects of the atmosphere. The
decrease of the bank angle reduces the component of the lift in the
radial direction and increases the energy losses (due to the drag). This
is observed by the VOE per mass unit, from−220 to−272 km2∕s2 in
the case of Earth, from −43 km2∕s2�β � 90 deg� to −48 km2∕s2
�β � 20 deg� in the case of Mars, and from −175 to −270 km2∕s2
in the case of Venus, when Ψ � 90 deg. The reduction of the
bank angle indicates a reduction of the lift in the radial direction to
the planet that contributes to the maneuver. The same behavior is
observed in all the planets (see the left side of Figs. 2–4). The largest
VOE are located at negative values of the bank angle at the highest
value of CB, when the lift is in the radial direction pointing to the
planet, increasing the effects of gravity and drag (due to the increase
of the density). When CB � 0.0 m2∕kg, the maneuver is a pure
GA and the bank angle is no longer important, because the effect of
the atmosphere is not considered. In the case of Earth, the GA shows

aVOEof−227.126 km2∕s2 forΨ � 90 deg, and a positive variation
for Ψ � 270 deg, around 227.126 km2∕s2 (see Fig. 2), the typical
behavior of the swing-by [1]. Compared to Earth, the VOE on
Venus are lower due to the weaker gravitational attraction of the
planet, showing values around −199.837 km2∕s2 for Ψ � 90 deg

and 199.837 km2∕s2 forΨ � 270 deg (see Fig. 3). The lowest VOE
for GA are presented in the case of Mars, because it has the lowest
mass among the three planets studied in the present paper. In this case,
the VOE are −48.08 km2∕s2 forΨ � 90 deg and 48.08 km2∕s2 for
Ψ � 270 deg (see Fig. 4). These values serve as a reference to
compare the effects of the maneuver with the atmosphere and the
application of the impulse.
It is observed that the energy variations, when the lift is included,

are closer to the pureGA for 0 deg < β ≤ 10 deg, when the principal
component of the lift is acting orthogonal to the plane xy, which
means that the orthogonal lift is acting like aGA in termsofVOE.This
behavior is observed because the lift dominates the dynamics, and the
variations due to drag are insignificant because the lift is 9.0 times
higher than the drag. In this scenario, the bank anglemakes significant

Fig. 5 VOE (in km2∕s2) for PAGAM-E with β � 90 deg (above) and β � 60 deg (below).
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variations in the inclination of the orbit [35]. The changes in the bank
angle allow the control of the inclination of the orbit of the spacecraft
after the passage by the planet. This maneuver is useful to generate
changes in the heliocentric orbit to adjust the inclination with respect
to the ecliptic of the target planet. It is also important to consider that
multiple passages by the atmosphere of the planet increase the incli-
nation, whichmakes possible, for example, to achieve orbits for polar
missions in a target planet or relative to the ecliptic plane, formissions
willing to observe the poles of the sun [41–44]. It is also important to
say that, in this case, theAGAMis not analyzed for a specificmission,
but generic maps are made that can be used later for a large family of
missions. From the astrodynamics point of view, in classicalmissions,
such as Voyager, the energy variations in the swing-by are used to
identify and quantify the effects of variables, such as altitude and
approach angle [1,9,11,12,16,36], and in this case, it is used to observe
the changes generated by the aerodynamic forceswhen the bank angle
is controlled. Gains in energy show that the spacecraft increases its
velocity, and so increasing the semimajor axis and eccentricity of the
heliocentric orbit. The inverse happens for losses of energy [1,36].

Then, the measurement of the energy variations with the angular
momentumcan help to predict the evolutions of other orbital elements
perturbed by the AGAM. The swing-by phase of the maneuver is
integrated in the whole design of a mission and is not the complete
mission.
In the case of Earth and Venus, the white regions at the largest CB

with negative values of bank angle represent trajectories that ended in
captures or collisions. The region before the collision occurs due to
the fast increase of the VOE (green regions). These results are not
quantitatively analyzed because the energy variations are higher than
the ones obtained from trajectories given by the AGAM. The white
regions are presented in both trajectories (approach angles of 90 and
270 deg) for negative values of the bank angle and at largerCB, due to
the decay in altitude caused by the direction of the lift with the
consequent reduction of the tangential velocity made by the drag,
and so increasing the influence of the planet and causing collisions
(see Figs. 2 and 3). It is also measured in detail the fact that Venus
generated a larger number of collisions compared to Earth, whereas
Mars does not give any collision. Of course, the reasons are the

Fig. 6 VOE (in km2∕s2) for PAGAM-E with β � 30 deg (above) and β � 0 deg (below).
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densities of the atmosphere (higher on Venus and smaller on Mars)
and the mass of the planet.
When the approach angle is 270 deg, the energy variations are

positive and the lowest energy variations are reached in the region of
maximum CB (red zone) with positive values of the bank angle
(20 deg < β ≤ 90 deg), which is the same region ofminimum losses
of energy for an angle of approach of 90 deg. In this case, the incre-
ment of thevertical component of the lift and the reduction of the bank
angle increase the energy losses, as observed by the increase in the
values in the red section from 220 to 262 km2∕s2 in the case of Earth,
43 to 57 km2∕s2 in the case of Mars, and 165 to 300 km2∕s2 in the
case of Venus. The reason is the reduction of the angle of curvature of
the trajectory,which reduces the effect of thegravity component of the
maneuver. Compared to the maneuvers with an angle of approach of
90 deg, the trajectories with an angle of approach of 270 deg generate
positiveVOEand the inverse behavior is observedwith the increase of
CB. This result is expected, but is measured here in detail in the results
presented. The reduction of the lift in the radial direction increases the
influence of theGA. It is also observed that, for Venus and Earth, with
denser atmospheres, the bank angle andCB have significant effects in
the VOE compared toMars. The most noted effect is in the definition

of the collision zones and the region limiting this zone. The increase of
the bank angle and the decrease of CB reduce the effect of the
maneuver, because it reduces the curvature of the trajectory and the
influence of atmospheric forces.
It is important tomention that this is the first time that the influence

of the bank angle during AGAMs is studied in the literature. Previous
studies considered this maneuver, but did not use the bank angle as a
form of control. The results show that the lift changes significantly
the trajectories and dominates the AGAM. Then, it is possible to
control the behavior of the trajectorywith the bank angle. TheVOEas
a function of the bank angle changes more rapidly and increases the
magnitude for greater values ofCB. Then, larger variations in energy
are more sensible at small changes in the bank angle. The letters E
(Earth), M (Mars), and V (Venus) in the figures represent the planets
where the PAGAM or the AGAM was applied.

B. PAGAM for Positive Bank Angles

The second classification of the results deals with the application
of the impulse in maneuvers with positive bank angles, described in
this section. The influence of lift for different values of the direction
of the impulse or angle of attack α during a PAGAM was studied in

Fig. 7 VOE (in km2∕s2) for PAGAM-V with β � 90 deg (above) and β � 60 deg (below).
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[33–35], considering maneuvers, where the impulse is applied only
in the plane of the primaries, for bank angles of 90 and −90 deg,
showing the same behavior of the results just presented.
In this case, 0.5 km∕s was selected for the magnitude of the

impulse, and the impulse was applied at the pericenter, maintaining
the sameL∕D along the trajectory. Figures 5–12 show the results, and
aswas explained before, the blue regions represent themaximum and
the red regions the minimum VOE for each graphic. Figures 5–12
present the results for PAGAM with approach angles of 90 deg (left
side of the figures) and 270 deg (right side).
During this maneuver, the largest VOE are presented in regions

with directions of the impulse between 0 and 120 deg,withmaximum
losses of energy for approach angles of 90 deg andmaximumgains of
energy for approach angles of 270 deg, with bank angles between 50
and 160 deg. On the opposite side, the minimum effects are in the
range −160 to −50 deg for an approach angle of 90 deg, and from
−120 to −10 deg for 270 deg of approach angle. Similarly, to the
AGAM, the regions of energy gains and losses are inverted for the
approach angles of 90 to 270 deg during the PAGAM, determining
the VOE due to the direction of the swing-by.

For positive values of the bank angle, the maximum effects of the
maneuver occur at the lower values of CB. When the bank angle is
increased, the reduction of the influence of the lift force transforms
the initial blue and red regions of the energy variations in horizontal
lines. In other words, for β � 0 deg, the energy losses and gains are
functions of the direction of the impulse and do not show significant
changes as a function of the values of CB, like that observed in the
previous section. For approach angles of 90 deg, the regions of losses
of energy are located at the lowestCB, near 0.0 m2∕kg, with an angle
of impulse around 60 deg and the direction of the impulse is against
the movement of the spacecraft and pointing to the planet. The
highest values of CB indicate that the lift reduces the influence of
the impulse in the direction of the planet, reducing the energy losses
for angles of attack of−120 deg. In the trajectories where the angle of
approach is 270 deg, the minimum energy variations are presented at
the angle of attack around −70 deg and maximum CB. The impulse
acts in the direction of the lift and against themotion of the spacecraft,
reducing the gravitational effect of the maneuver. In both cases, the
contribution of the gravity is more important to the whole maneuver
when CB is minimum and the impulse is applied between 60 and

Fig. 8 VOE (in km2∕s2) for PAGAM-V with β � 30 deg (above) and β � 0 deg (below).
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120 deg, acting in the direction of the gravity to increase the angle of
curvature and the effects of the swing-by (see Figs. 5–10).

C. PAGAM with Negative Bank Angles

The last trajectories analyzed are the ones with negative values
of the bank angle, between −90 deg ≤ β < 0 deg. The results pre-
sented in Figs. 10–12 show that all PAGAMs simulated are possible
for Mars, but in the case of Earth and Venus, like in the AGAM, the
higher atmospheric densities reduced the effective CB for the trajec-
tories that survived the passage by the atmosphere. Largest values of
CB present captures and collisions during the approach.
In the case of Earth, the maneuvers are stable for angles

of attack between −70 and −180 deg for all values of the CB,
when β � –30 deg. For Ψ � 90 deg, the energy is minimum,
around 150 km2∕s2 for α � –70 and −180 deg, and maximum
(around 400 km2∕s2) when α � –125 deg at the lower values of
CB. For Ψ � 270 deg, the energy losses are around −140 km2∕s2
for α � –70 deg, and 610 km2∕s2 for α � –180 deg. The values
of the effective angle of attack were maintained stable for lower

values of the bank angle, presenting a reduction in the effective CB.
For β � –60 deg, the maximum value of CB was 0.45 m2∕kg, and
0.40 m2∕kg for β � –90 deg. In the case of Venus, trajectories were
available for β � –30 deg in the angles of attack from −180 to
−70 deg. The maximum value of CB that generated trajectories
not ending in collisions was 0.35 m2∕kg. For values of the bank
angle lower than −30 deg, the trajectories collided with Venus. The
negative direction of the lift increases the effects of the gravity,
because it points in the direction of the planet, generating a reduction
in altitude. This direction increases the effect of drag and reduces the
velocity to values lower than the orbital velocity, and so causing the
decay and collision. The sensibility of the atmosphere with the solar
activity and the errors of the model could reduce the effectiveness of
themaneuvers for negative bank angles, and so the application of this
region of the maneuver in the case of Earth and Venus is not
recommended.
The influence of lift and the change in the direction affect the

energy variations and invert the maximum and minimum positions,
compared to the maneuvers with 0 deg < β ≤ 90 deg. For an angle
of approach of 90 deg, the regions of losses of energy are located at

Fig. 9 VOE (in km2∕s2) for PAGAM-M with β � 90 deg (above) and β � 60 deg (below).
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CB � 0.5 m2∕kg, and the energy losses increase with the reduction
of the angle of approach. For an angle of approach of 270 deg
and maximum CB, the maneuvers increase the energy gains with
the reduction of β or with the increment of the lift component in
the plane of the primaries. The lift applied in the direction of the
gravitational force of the planet increments the effects of the AGAM
(see Figs. 11 and 12).
In all cases, it is observed that the influence of the 0.5 km∕s

impulse generates more energy changes and dominates the trajecto-
ries, compared to the AGAM or to the maneuvers without the appli-
cation of an impulse. This phenomenon is observed when the red and
blue regions (vertical in the case of AGAM) are horizontal in the
figureswhen thePAGAMis applied (see Figs. 2–12). The influence of
the impulse during theAGAMdominates the energy variations due to
two factors: the first one is the increment in the velocity of the
spacecraft, which increases the influence of the aerodynamic force,
and the second one is the additional velocity given to the spacecraft
due to the instantaneous application of the propulsive force. At the
same time, these two factors increase or reduce the effects of the
swing-by, according to the distance to the primaries. This domination
is expected, based on the direct effect of the impulse, but the correct

measurement of this domination needs to consider the effect that
depends on the atmosphere, and this is a new aspect shown in the
present paper.

IV. Conclusions

The present paper introduced the idea of using the bank angle to
control a PAGAM. To prove the concept and the importance of this
technique,more thanone andahalfmillion trajectorieswere propagated
to observe the influence of the bank angle in the PAGAM. The results
were divided into three parts: 1) without impulse (AGAM), 2) PAGAM
for 0 deg ≤ β ≤ 90 deg, and 3) PAGAM for −90 deg ≤ β < 0 deg.
The simulations involving AGAM showed that the direction of the lift
changes significantly the behavior of the trajectory due to the control of
the bank angle. It was also observed that larger variations in energy are
more sensible at small changes in the bank angle for the highest values
of CB.
The studies related to the proposed maneuver showed that, in the

case of β � 0 deg, when the lift is acting in the vertical directionwith
respect to the planex–y, it has its influence reducedduring theAGAM
and the PAGAM. This is observed by looking at the locations of the

Fig. 10 VOE (in km2∕s2) for PAGAM-M with β � 30 deg (above) and β � 0 deg (below).
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minimum energy variations at the maximum values ofCB for the two
angles of approach used here, showing a reduction in the energy of the
maneuver proportional to the increment of CB. It was also observed
that, in the PAGAM, the VOE are distributed in horizontal sections
because the lift component is orthogonal to the gravitational force,
and the VOE in the PAGAM depend on the direction of the impulse.
The results for the PAGAM for an angle of approach of 90 deg are
practically the opposite, compared to the ones obtained for the angle
of approach of 270 deg.
In studying the variations of the bank angle, the present paper

showed the advantages of the use of the bank angle as a control of
the trajectory by mapping its influence in the energy variations of
the AGAM and the PAGAM. It proves that by using this method, it
is possible to control the energy variations along the trajectory for
different applications, changing the inclination, increasing the influ-
ence of the gravitational and aerodynamic forces, and reducing the
cost of the mission by using aerodynamic forces instead of propul-
sion. It was observed that the reduction of the bank angle decreases
the influence of the lift in the plane, and in the case of positive bank

angles, it reduces the influence of the gravity and drag during the
maneuver.
The technique studied here also showed that, for negative values

of the bank angle, the lift increases the influence of the swing-by
because it is in the same direction of the gravitational force of the
planet. It also increases the duration of the atmospheric flight,
generating collisions in the case of Earth and Venus for large values
ofCB. For an angle of approach of 90 deg, the reduction of β increases
the energy losses, and for an angle of approach of 270 deg, it increases
the energy gains. The results of PAGAM showed that regions of
maximum and minimum variations are symmetric when the bank
angle is opposite. The variations in the direction of the lift affect the
energy variations, changing the maximum and minimum zones
according to the position of the bank angle.
In the case of Mars, comparing the PAGAM with positive and

negative bank angles, it is possible to observe the symmetry with
respect toCB for the VOE at the same angles of attack. The technique
proposed here also allows the reduction of CB, and so reducing
the energy losses due to the drag, only by controlling the direction

Fig. 11 VOE (in km2∕s2) for PAGAM-M with β � –30 deg (above) and β � –60 deg (below).
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of the lift though the variations of the bank angle. It was also observed
that the energy variations are opposite in the symmetric region of the
bank angle.
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