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Abstract: The Global Positioning System (GPS) is a satellite navigation system that allows the users to
determine 3D positioning and the time with high precision. Its main purposes are: aid to radionavigation in three
dimensions with high precision positioning, navigation in real time, time synchronization, global coverage and
quick acquisition of data signal sent by the GPS satellites. In this work, it is proposed to estimate, in real time, an
orbital state vector composed by position, velocity, bias and drift of the GPS receiver clock on board satellites by
processing the raw navigation solution obtained by the on-board receiver. In this work the Kalman filter is used
to estimate the state vector based on the stepwise incoming navigation solution from the receiver. The Kalman
filter is used due to its robustness in real time applications, without unnecessary storage of observations, as they
can be processed while being collected. The filter dynamic model includes perturbation due to geopotential, solar
radiation pressure and perturbations due to the Sun and the Moon and the observations are the raw navigation
solution composed of position and receiver clock bias. Simulations and tests are done using actual data from
TOPEX/POSEIDON satellite. For performance assessment, a comparison is done between the estimated state
vector and the precise orbit ephemeris (POE) produced by JPL/NASA.

Key-Words: astrodynamics, artificial satellites, orbital dynamics.

1 Introduction on-board GPS receiver are Kompsat (Lee et al. [8])
The Global Positioning System (GPS) is a satellite and BIRD (Briess [1]). Kompsat does not use the
navigation system for determining position, velocity navigation solution to r@al tlme.orblt detgrrm.natlon,
and the time (PVT) with high precision. The GPS but for post  processing orbit .determmzjltl-on on
system allows a GPS receiver to determine its gI‘Ol:lIld.. Unhkely BIRD hag a receiver prov1d1ng .the
position and time at any place using data signal from navigation sqlutlon which is processed in real time
at least four GPS satellites (Parkinson and Spilker on-board (Gill and Montenbruck [4];-Mont.enbr1-1ck
[10]). Using such a system, this work proposes to [9}), however by an.epoch state filter in conjunction
compute, in real time, a state vector composed of ~ With NORAD two-lines model (Hoots and Roehrich
position, velocity, GPS receiver clock bias and drift [6]?- With a growing trend .Of on-board GP S receivers
of a satellite equipped with an on-board GPS flying on upcoming satelh.tes this work investigates
receiver, by filtering the raw navigation solutions characteristics of a simple real time orbit
provided by the receiver. The Kalman filter is used to determination algorithm which could enhance Fhe
estimate the state vector based on such incoming performance of the system. Also, the next generation
observations from the receiver. The filter dynamic of Brazilian satellites with no exceptions are designed
model includes perturbation due to geopotential, solar to have platforms carrying GPS receivers, such as

radiation pressure and perturbations due to the Sun MMP (Multi-Mission Platform), LATES (Scientific
and the Moon and the clock bias is modeled as a Satellite), and CBERS 3 and 4 series (China Brazil
random walk process. The observations include the Earth Resources Satellite).

raw navigation solution composed of position and With respect to the orbit de.terminaj[ion methods,
time bias, that are computed stepwise by the GPS s&_:veral papers can be found in the 11teratur§. The
receiver and provides instantaneously the absolute differences among them are based on the choices of

position. Several tests are done using three days of ~ the dynamic system, type of measurement and
observations of a GPS receiver on board estimation technics. Some of those researchs can be
TOPEX/POSEIDON (T/P) satellite, which are  foundin [13],[14], [15], [16], [17], [18] and [19].
processed by the proposed algorithm. A comparison

is done between the estimated state vector and the =~ 2 Methodology

precise orbit ephemeris (POE) produced by The main purpose of this work is to study a rather
JPL/NASA. Current samples of satellites having an simple but still fairly accurate algorithm to determine
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the artificial satellite orbits, in real time and with low
computational burden, by using the raw navigation
solutions provided by GPS receivers.

The orbit determination algorithm proposed in this
work is implemented by Kalman filtering of the
navigation solution from a GPS receiver. The states
to be estimated are the position, velocity, clock bias
and clock drift of the GPS receiver on board of the
spacecraft. The numerical integrator used is the fixed
step Runge-Kutta of fourth order, due to its numerical
stability and simplicity of use. The Kalman filter is
used due to its suitability to real time applications,
recursive and sequential nature, without unnecessary
storage of observations, as they can be processed
while being collected (Brown and Hwang [2]).

3 Dynamical Model

The dynamic model implemented in the Kalman
filter is a set of first order stochastic differential
equations given by:

r=v

v=a+0,

jo g (M
i-o,

where r is the position vector (x, y, z), v is the
velocity vector, a is the acceleration, b is the bias of
the GPS receiver clock, d is its drift,e, is the
dynamic noise on the acceleration coordinates and
w, 1s the dynamic noise on the drift, characterized

by white noise properties:

Elo,0]=0; Eo, (0o (1)]=Q,6(-1) )

Elw,H)]=0; Elw,)o,(7)]=0,5(-1) (3)

where Q, is the spectral power density of the white
noise ®,, O(t—7) is the Dirac delta equals to 1
when #=17, and zero otherwise, and Q, is the
spectral power density of the white noise @, .

The first order differential equations for the
satellite motion, which will be integrated by using
Runge Kutta method are given by:
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X, =Xg
X, =a,
Xs=a,
X, =a,
X, =Xg
Xxg =0 4

Thus the full state vector of the filter is composed
by:

X:[x y z X y z b d]T Q)

or explicitly by:

x=[X, X, X3 X, X5 X, X, X[ (6)
The acceleration vector a includes the

geopotential effect which can be truncated to any
order and degree. In real time computational
environment it is noticed that the inclusion of high
order terms of geopotential as well as other sources
of perturbation may lead to unnecessary
computational burden without the corresponding
improvement in accuracy. Also, it is known that for
short term predictions (30 minutes) the other sources
of perturbation, including Sun and Moon third body
effects, solar radiation pressure, and atmospheric
drag (for LEO satellites) can be safely neglected (Gill
and Montenbruck [4]).

4 Measurements Model

The measurement model of the Kalman filter
algorithm is given by:
y,=H,x, +v, (7)
where y = (x, y, z b) is the observation vector
obtained from the navigation solution provided by
the GPS receiver at every sampling rate, b is the

clock bias and the constant sensitivity matrix H is
therefore given by:

H, = I3x3 03x3 03x1 03x1 (8)
¢ 0, 1 0

01x3
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The white noise vector v which represents the
random errors of the measurements is modeled by:

E[v,]=0; E[v,v]=R,J, )

where 0 ;; 18 the Kronecker delta which is equals to 1

when k = j and zero otherwise, and the observation
error covariance matrix R is given by:

R =diaglc® o° o’ o] (10)

with fixed o = 30m when the DOP (Dilution of
Precision) information is not available from the
receiver. When the DOP information is available, it
is possible to form the matrix R in a more sistematic
way. The following definitions are classic:

o, =0 ,PDOP (11)
¢, =0,TDOP (12)

where o, is the standard deviation of the pseudorange
measurement, PDOP is the dilution of precision in
position and TDOP is the dilution of precision in time,
o, is the standard deviation in position 3D and o, is
the standard deviation in the bias time. Assuming that:

2 2 2 %
o, =(c, to,+0,)"?, (13)

and since there is no better criteria, assuming also
that:

Gxi =GX =Gy =GZ’ (14)
we have:
o, =0;/3 (15)

So, according to Eq. (11), we have:

, o. _,PDOP’
X =0,
3 3

or

_ ,PDOP

— 16
X; \/§ ( )

So the matrix R (errors of the navigation

o
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solution) can be calculated by:

R = diae| [ Z2PPOP *(o,PDOPY’ (o,PDOP 2( TDORY
=dia > > »\O
INRE N DA

(7

when PDOP and TDOP are available in the
navigation solution. Refers to Parkinson and Spilker
[10] for several DOP definitions.

5 Transition Matrix

Another potential source of computer burden is the
evaluation of the transition matrix arising from the
variational equations of the orbital motion. It was
noticed that more complex computation, e.g.
including J2 (geopotential coefficient representing
the Earth oblateness) or other effects, does not pay
off in real time algorithms (Gill and Montenbruck
[4]; Chiaradia et al. [3]). Owing to this, in the
calculation of the transition matrix, size 8 x 8, it was
only considered the Keplerian motion in the partition
due to geopotential. The Keplerian transition matrix
is quickly computable (Kuga [7]) with the advantage
of having analytical solution (Goodyear [5];
Shepperd [11]). The full transition matrix is given
by:

Py P O3 @y
0(t,1,) = Py Py Py Py
D3 Py P33 Py
Py Py Pu3 Py
i or oOr or
or, ov, 0b, ad, (18)
ﬁ ov oOv ov
or, ov, 0b, od,
@ ob ob 0Ob
or, ov, ©0b, od,
ﬁ od od od
or, ov, 0b, dd,

The submatrices @, @,,, @,, and @,
correspond to the Keplerian motion; @, @,,, @,;,

Py @5, 95, ¢, and @, are null and the

remaining elements are related to bias and drift of the
GPS receiver clock. This partition is given by:
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[(/733 (/734J={1 At} (19)
Py3 Py 0 1
where Af is the time interval between observations.

6 Dynamic noise calculation
The dynamic noise matrix needed to calculate the
propagated convariance matrix is given by:

roQ.r,=
J'f: ot 1 YG(H)Q(H)G” (l‘)(oT (t,,t,)dt (20)

To calculate the matrix G, we have the following:
x=f(x)+Go 2n

it means, Eq (1) can be written like:

—[t(r,v,b,d)]+ G{ma} (22)

@,

o o < =

where @, is a 3 component vector. Since G is
explicitly given by:

Go=0 0 0 0, o, ©, 0 o) 23)
we have that G is given by:
03x3 O
I 0
G= 3x3 (24)
01x3 0
01x3 1
and
Q=diag[c5i . ol Gﬁ] (25)

with E[o’] =06 ¢ E[m,;]=0,.

To solve Eq. (20) it is defined:
1= (ﬂk,kGQGT(Pk,k
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2= (/’k,k—lGQG ! Dy k1 (26)

Then, the addtion of the dynamic noise matrix is
calculated by the trapeze rule, and it is givem by:

r,Q,rI, %(n +12)At 7)

with @xx=1 e @k 1 given by:

¢6x6 0 6x2
Q= 1 At (28)
2x6 O 1

where @4, Was calculated like section 5.

7 Simulations Data

For  the test  cases, data from  the
TOPEX/POSEIDON satellite, from November 1993
was used. The results were compared to the POE
(Precision Orbit Ephemeris) files, which are released
by JPL/NASA in Internet.

To start the procedure it is used the two first
navigation solutions provided by the GPS receiver to
generate the initial states of the filter (position,
velocity, bias and null drift). The standard Kalman
filter algorithm was implemented (Brown and
Hwang [2]), where the time update cycle used the
transition matrix as proposed by Eq. 18 to compute
the predicted covariance. The measurement update
cycle used the conventional Kalman form to process
the navigation solution observations in a sequential
manner.

Table 1 shows the filter initial state error
covariance matrix, where o represents the standard
deviation. These values were used throughout the
tests. Table 2 shows the values of dynamic noise
covariance matrices Q, and Q, used in the filter. The
measurement errors were set as in Eq. 10 or 11.

Table 1: Initial Covariance

Parameter Initial Value
Position & - P, (m)* diag (1000%)
Velocity ¢ - P, (m/s) diag (10%)
Bias o - P, (m)’ 1000°
Drift o” - P, (m/s)’ 10°
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Table 2: Dynamic Noise Covariance
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6 Results

Many tests are performed in Gomes [12] concerning

Parameter Value the time interval that the observations are available
Q, (m/s’)’ diag (0.5)° and also the different degree and order of the
0, (m/s*)? 052 geopotential harmonic coeficients. In that work it
was only considered the perturbation due to the
geopotential. Table 3 shows the residuals in position
and bias coordinates for all cases tested.
Table 3: Residual Statictics — 19/11/93
Residual (m)
Integ. | Model
step(s) X y z bias
Kepl. 0,012 £ 10,640 0,035+ 8,111 0,015 £ 19,326 -0,020 + 12,426
J> 0,001 + 10,494 -0,001 £ 7,950 -0,001 £ 19,259 -0,020 £ 12,426
10 10x 10 0,001 + 10,494 0,001 + 7,950 -0,002 £ 19,259 -0,020 £ 12,426
50 x 50 0,001 + 10,494 0,001 + 7,950 -0,002 £ 19,259 -0,020 £ 12,426
Kepl. 0,144 + 38,007 0,420 + 30,649 0,188 + 58,028 -0,947 £ 44,231
J2 0,003 + 31,918 -0,001 £+ 24,138 0,017 + 54,873 -0,947 £ 44,231
60 10x 10 0,001 £ 31,917 0,021 £ 24,138 0,005 + 54,872 -0,947 £44,231
50 x 50 0,000 £ 31,917 0,022 + 24,138 0,006 = 54,873 -0,947 £44,231
Kepl. -1,413 £ 470,528 11,813 £438,534 1,674 + 423,275 -0,030 £+ 50,730
J> -0,405 £ 62,013 -0,078 £ 28,715 0,110 £ 62,654 -0,030 + 50,729
300 10x 10 -0,458 £ 61,843 0,450 + 28,343 -0,127 £ 62,578 -0,030 £ 50,729
50 x 50 -0,442 + 61,825 0,454 + 28,337 -0,124 £ 62,586 -0,030 £ 50,729
Kepl. -71,934+2341,234 | 28,673 £1274,758 |-36,383 £2123,751| 0,030 + 57,982
J, -52,464 + 1586,162 | -15,894 £ 715,830 | -20,933 £ 1564,720| 0,030 £+ 57,982
600 10x 10 -52,322 + 1586,465 | -13,903 £ 714,839 | -21,952 £1565,111 | 0,030 £ 57,982
50 x 50 -52,240 + 1586,635 | -13,886 £ 714,890 | -21,923 + 1565,002 | 0,030 £ 57,982

Tables 4 shows the statistics of error in position
and velocity in the orbit determination process,
for four different interval of observations and

harmonic coefficient models. From those range
of tests it is concluded that it is advisable to
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model at least the J2 effect in the satellite orbital
motion, when sampling rates from 10 seconds to
5 minutes are used.
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Table 4: Statistics of error in orbit determination— 19/11/93

Integ.
Step (s)

Model

Error in position (m)

X

y

z

10

Kepl

-2,608 + 27,438

-4,310 £ 33,422

1,434 £37,357

Iz

-2,612 £27,429

4,323 + 33,402

1,428 £37,385

10x 10

-2,612 + 27,428

-4,322 + 33,402

1,428 £37,385

50 x 50

-2,612 £ 27,428

-4,322 + 33,402

1,428 £37,385

60

Kepl

2,195 + 27,260

-4,420 + 33,573

1,439 £ 35,961

J2

-2,197 £ 27,255

-4,426 + 33,559

1,437 £35,975

10x 10

-2,197 £ 27,255

-4,426 + 33,559

1,437 £35,975

50 x 50

-2,197 £ 27,255

-4,426 + 33,559

1,437 £35,975

300

Kepl

-2,685 + 24,493

-3,899 + 29,842

0,901 £ 38,966

Iz

-2,684 + 24,497

-3,800 + 32,027

1,461 £ 29,765

10x 10

-2,684 + 24,497

23,800 + 32,027

1,449 £ 29,759

50 x50

-2,684 + 24,497

-3,800 + 32,027

1,448 £ 29,759

600

Kepl

-3,203 £ 22,153

-3,907 £ 104,954

1,984 + 314,483

Jz

-3,198 £ 22,191

23,445 + 72,168

4,884 £+ 140,561

10x 10

23,198 + 22,191

-3,460 + 72,201

4,676 = 140,645

50 x 50

3,198 +22,191

3,461 £72,210

4,674 £ 140,664

Integ.
Step (s)

Model

Error in velocity (m/s)

Vx

Vy

Vz

10

Kepl

0,0006 + 0,4839

0,0018 +£0,3561

-0,0002 +0,8368

Iz

0,0001 £0,4761

0,0001 +£0,3416

-0,0009 +0,8333

10x 10

0,0001 £0,4761

0,0002 + 0,3416

-0,0010 + 0,8333

50 x50

0,0001 £0,4761

0,0002 +0,3416

-0,0010 +0,8333

60

Kepl

0,0012 +0,3905

0,0036 +0,3098

0,0008 £ 0,5612

Jz

0,0000 £+ 0,3491

0,0001 £+ 0,2501

-0,0006 + 0,5385

10x 10

0,0000 £+ 0,3491

0,0003 +0,2502

-0,0007 + 0,5385

50 x 50

0,0000 = 0,3491

0,0003 +0,2502

-0,0007 +0,5385

300

Kepl

0,0065 +0,8238

0,0210 + 0,7894

-0,0013 +0,7726

Iz

0,0085 = 0,2830

0,0005 +£0,1275

-0,0013 +0,2756

10x 10

0,0084 +0,2828

0,0014 +0,1275

-0,0017 +0,2754

50 x 50

0,0084 +0,2828

0,0014 +0,1275

-0,0017 £ 0,2754

600

Kepl

0,1537 £4,3683

0,0430 +2,0999

-0,0487 +4,1250

Iz

0,1504 +4,2184

0,0024 + 1,7322

-0,0337 + 3,8230

10x 10

0,1502 +4,2185

0,0042 +1,7319

-0,0345 + 3,8235

50 x 50

0,1503 £4,2185

0,0043 +1,7319

-0,0345 +3,8234
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In the following results presented here, the basic
model considers the geopotential up to 10 x 10. On
this model it is added the solar radiation pressure and
the Sun and Moon gravitational effects.

Table 5 shows the statistic errors (mean and
standard deviation) in position and velocity in the
orbit determination process, using different
perturbations model and also different degree and
order truncation of the harmonic coefficients.

Vivian Martins Gomes, Antonio F. B. A. Prado,
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Model 1: geopotential up to 10 x 10 (basic)

Model 2: geopotential up to 10 x 10 + Sun + Moon +
solar radiation pressure

Model 3: geopotential up to 50 x 50 + Sun + Moon +
solar radiation pressure

Table 5: Statistc errors in the orbit determination 19/11/93

Position Error (m)
Model
X y z
1 -2.6121293 + -4.3222859 + 1.4279681 +
27.4285067 33,4019768 37.3849305
2 -2,6121327 + -4.3222926 1.4279669 +
27.4285099 33.4019467 37.3849280
3 -2,6121079 -4.3222804 1.4279734 +
27.4284953 33.4019381 37.3849385
Velocity Error (m/s)
Model
Vx Vy Vz
1 0.0000702 0.0002127 + -0.0010083 +
+0.4761041 0.3416321 0.8333067
2 0.0000694 0.0002106 * -0.0010081 *
+ 0.4761042 0.3416309 0.8333069
3 0.0000726 0.0002150 * -0.0010086 *
+ 0.4761042 0.3416274 0.8333065
The results show that the inclusion of the In this way, Figs. 1 and 2 show the mean error in

perturbations due to the Sun, the Moon and solar
radiation pressure, as well as the higher degree and
order of the harmonic coefficients, have positive
effects in the error reduction, however with rather
limited improvement. Taking into account that the
processing time increases when these perturbations
are added and the focus is real time application, in
general, the added complexity of those models are
not justified.
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position and velocity, using the model considering
just the geopotential up to 10 x 10. It is observed that
the mean error in position is smaller than 4.5 m and
the standard deviation is smaller than 37.5 m. The
mean error in velocity is smaller than 0.2 mm/s and
the standard deviation is smaller than 0.8 m/s.
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Figure 1 — Error in position
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Figure 2 — Error in velocity
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7 Conclusion

In this work it was analysed the influence in the
dynamic model and the integration step in the orbit
determination process, in real time and using the GPS
navigation solution. Perturbations due to the Sun, the
Moon and the solar radiation pressure were included
in the orbit determination and results show that these
perturbations must be included only in the case when
very higy accuracy is required.

Apart from this, these perturbations also increase
the CPU time, which is a disadvantage in real time
process. These errors are consistent with the
observations errors (navigation solution) which were
assumed by the Kalman filter, it means, standard
deviation of 30 m in each component.
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