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Gravitational Waves From Pulsars Due To Their Magnetic Ellipticity
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We discuss some aspects of de Araujo, Coelho and Costa T2 concerning the role of a
time dependent magnetic ellipticity on the pulsars’ braking indices and on the putative
gravitational waves (GWs) these objects can emit. Since only nine of more than 2000
known pulsars have accurately measured braking indices, it is of interest to extend this
study to all known pulsars, in particular as regards GW generation. In summary, our
results show a pessimistic prospect for the detection of GWs generated by these pulsars,
even for advanced detectors such as aLIGO and AdVirgo, and the planned Einstein
Telescope, would not be able to detect these pulsar, if the ellipticity has magnetic origin.
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1. Ellipticity of Magnetic Origin and Gravitational Waves from
Pulsars

If the magnetic field and (or) the angle between the axes of rotation and the mag-
netic dipole of the pulsars are independent of time, the combination of magnetic
dipole and gravitational wave (GW) brakes could only explain braking index (n) in
the interval 3 < n < 5. The observations, however, show that only PSR J1640-4631
has braking index in this interval, as can be seen in Table (1| In particular, we con-
sider this issue in the context of magnetic ellipticity. It is worth stressing that the
magnetic field and the angle between the axes of rotation and the magnetic dipole
of the pulsars are dependent on time.
Recall that the equatorial ellipticity is given by

Tow — Iyy

—z= Ty 1
e= W, (1)

where I,4, Iyy, I.. are the moment of inertia with respect to the rotation axis, z,
and along directions perpendicular to it.

The pulsar is deformed by its own dipole magnetic field. Such deformation
associated with the fact that the axes of rotation and of the magnetic dipole are
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misaligned generates an ellipticity given by (see, e.g., Bonazzola and Gourgoulhon';
Konno et al¥; de Freitas Pacheco and Regimbau®):

2 pd

= /—@Z(}\J;2 sin? ¢, (2)

where By is the dipole magnetic field, R and M are the radius and the mass of

the star respectively, ¢ is the angle between the rotation and magnetic dipole axes,

whereas k is the distortion parameter, which depends on both the star equation of

state (EoS) and the magnetic field configuration. We consider that x = 10 — 1000,
305

€B

as suggested by numerical simulations

Table 1. The periods (P) and their first derivatives (P) for pulsars with
known braking indices (n) (see also ATNF catalog®'T).

Pulsar P (s) P (10*13 s/s) n®
PSR J1734-3333 1.17 22.8 0.9+ 0.28
PSR B0833-45 (Vela) 0.089 1.25 1.4 4 0.29
PSR J1833-1034 0.062 2.02  1.8569 + 0.000610
PSR J0540-6919 0.050 4.79 2.140 + 0.0091
PSR J1846-0258 0.324 71 2.19 +0.0312
PSR B0531+21 (Crab)  0.033 4.21 2.51 £+ 0.0113
PSR J1119-6127 0.408 40.2 2.684 £ 0.00214
PSR J1513-5908 0.151 15.3 2.839 + 0.001F
PSR J1640-4631 0.207 9.72 3.15 4 0.0312

Note: °n = frot frot/f?ot, where fror = 1/P is the rotating frequency, frot
and frot are their time derivatives.

Recall that the power emitted by a rotating magnetic dipole is given by'¢

167* B2RSsin® ¢ ,
- 3 3 rot» (3)

Eq =
and the power loss via GW emission reads”
. 204875 G
EGW = _T0751262 1.60t. (4)
Also, the total energy of the pulsar is provided by its rotational energy, E.o; =
2721 f2 ., and any change on it is given by Eq and Egyw, namely
Erot = EGW —+ Ed. (5)

Now, from the definition of the braking index (see, e.g., the note in Table ,
one can easily obtain thatff]

P By .
n=3+2—-2=(1+4n) | =2 +dcot |, (6)
P By

2The detailed derivation of Eq. @ can be found in de Araujo, Coelho & Costalll
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where 7 is defined in such a way that EGW = nErot, which is interpreted as the
efficiency of GW generation. In de Araujo, Coelho & Costa it is also shown that
with Eq. [6] one can explain, in principle, the braking indices of the pulsars of Table

il
Recall that the GW amplitude generated by a pulsar reads

h2_5Gl‘frot|

B 50737”72 frot ’
This equation considers that the spindown is due to gravitational waves only, i.e.,
n = 5 (spindown limit - SD).

(7)

From the definition of n one obtains that frot = nfrot, i.e., the part of the
spindown related to the GW emission brake. Thus, one can obtain an equation for
the GW amplitude that holds for n < 5, namely

B2:§gi‘frot|:§gi|frot|
2 C3 T2 frot 2 03 T2 frot
Recall that the GW amplitude also reads
167%G Ief2,
ct ro

(8)

9)

(see, e.g, Shapiro and Teukolsky™"). Combining both equations for the GW ampli-

tude one obtains
5 ¢ PP3
““\semic 1 " (10)

Now, for a purely magnetic brake we have

313 .

PP 11
e (11)
where By would be the magnetic field whether the break were purely magnetic. If
there is also a GW brake contribution we have that By < By. Combining the defi-
nition of 7 and Eq. one obtains after some algebraic manipulation the following

equation for the efficiency 7
Bo\”
=1—-( = 12
n < 5 > : (12)

0

Bysin® ¢ =

which is obviously lower than one, as it should be. Substituting this last equation
into Eq[2 we obtain

3Ic3 .
= maem P (13)
Finally, substituting this last equation into equation we obtain
288 3¢ P 2 4
= ————(1-— . 14
oA p LT s (14)
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Notice that with Eqs[T3] and [I4 we obtain € and 7 in terms of M, R, I, P and
P for a given value of k. Since in practice n < 1, the following useful equations are
obtained

313

= o r (15)

and

288 I’¢c P,
=5 GMRIP"
We now calculate eg and 7 for the pulsars of Table [I, We then adopt fiducial
values for M, R and I. We adopt x = 10 and 1000, which have the same orders of
magnitude of the values considered by, e.g., Regimbau and de Freitas Pacheco® .
In Table [2| we present the result of these calculations. Even for the extremely
optimistic case, the value of the ellipticity is at best eg ~ 1075 (for PSR J1846-0258)
and the corresponding efficiency 7 ~ 1078, Therefore, the amplitude of the GW
in this case would be four orders of magnitude lower than the spindown limit (n =
1). Thus, even advanced detectors such as al.IGO and AdVirgo, and the planned
Einstein Telescope, would not be able to detect these pulsars.

(16)

Table 2. € and n for k = 10 (1000) for the Pulsars of Table

Pulsar € n

mainMG15 page 4

PSR J1734-3333

PSR B0833-45 (Vela)

PSR J1833-1034
PSR J0540-6919
PSR J1846-0258

PSR B0531+21 (Crab)

PSR J1119-6127
PSR J1513-5908
PSR J1640-4631

1.2 x 10~ 7(=5)
4.9 x 10~10(=8)
5.5 x 10~ 10(=8)
1.1 x 1079(=7)
1.0 x 10~ 7(=5)
6.1 x 10—10(=8)
7.2 x 108(=6)
1.0 x 10~8(=6)
8.9 x 1079(=7)

1.1 x 10~13(=9)

8.3 x 10— 14(~10)

1.9 x 10~13(=9)
5.7 x 10~ 13(=9)
1.3 x 10—12(=8)
7.5 x 107 13(=9)
5.8 x 10~ 13(=9)
6.0 x 10~13(=9)
2.8 x 10~13(=9)

Notice that Egs. and [16]do not depend on the braking index n. Consequently,
we can calculate such quantities for the pulsars of the ATNF Pulsar Catalog. We
refer the reader to the paper by de Araujo, Coelho and Costa? for details . In Fig.
we show an interesting histogram with the data of the ATNF Catalog, namely,
the number of pulsars for log eg bin. Note the high number of pulsars concentrated
around ~ 10710 (107®) for £ = 10 (1000). The values of 1 are also extremely small,
a histogram can be found in de Araujo, Coelho & Costa®, where can be seen a peak
at 10716 — 10715,

These extremely small values of eg and 7 imply that the GW amplitudes are
at best seven orders of magnitude smaller than those obtained by assuming the
spindown limit (SD), being therefore hardly detected (see Fig. [2)).
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Fig. 1. Ellipticity histogram for the pulsars of ATNF Catalog for x = 10.
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Fig. 2. Histogram of n*/2 = h/hSP (spin-down ratio) for the pulsars of ATNF Catalog for x = 10.

2. Final Remarks

We present an expression for the braking index considering that the ellipticity is of
magnetic dipole origin and time dependent. In this context, we model the braking
indices of the 9 pulsars that have such measured quantities accurately. Then we
calculate the amplitudes of the GWs generated by these 9 pulsars. Summing up,
we conclude that these amplitudes are too small to be detected. For example, the
pulsar PSR, J1846-0258 would need to be observed for over 1000 years to be detected
by the Einstein Telescope.

Since the equations for 7, eg and h are independent of n, we extend our study
for most of the pulsars of the " ATNF Pulsar Catalog”. Regarding detectability, the
prospects remain pessimistic, since the ellipticity generated by the magnetic dipole
is extremely small, the corresponding amplitude of GWs is much smaller than the
amplitude obtained via the spindown limit.
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