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A METHOD TO EVALUATE THE PERTURBATION OF NON-
SPHERICAL BODIES

Flaviane C. F. Venditti,*Antonio F.B. A. Prado’

The purpose of this work is to show an analysis made using a method to meas-
ure the amount of perturbation in a trajectory of a spacecraft using the integral of
the acceleration over the time. This integral gives the change in the velocity,
meaning that the smaller the change is, the reduced will be the effect of the per-
turbation. The results are generated for trajectories around oblate and prolate
spheroids, representing an irregular body. Because of the non-spherical shape,
the trajectory around these bodies will not be like a keplerian orbit. Knowing the
change of velocity, it is possible to search for the least perturbed orbits and, con-
sequently, the more stable orbits, which can be very helpful for space missions.

INTRODUCTION

The study of perturbations is very important when there are satellites involved. The forces act-
ing on a space vehicle must be known in order to avoid damages or changes in its orbit. For mis-
sions where the target is to study small celestial bodies closely, it is important to take into account
the gravitational perturbation due to the irregularity of the body. Knowing the perturbations, it is
possible to choose the orbits which have less influence on the satellite, for example. Consequent-
ly, it is expected that the orbital maneuvers required to correct the orbit of the spacecraft due to
the perturbations will be smaller in magnitude and frequency, so reducing the fuel consumption.
In this work a method to analyze the amount of change in the velocity is applied to irregular bod-
ies.' The only perturbation considered here is the gravitational perturbation due to the non-
spherical shape of the body.

The Solar System is filled with small bodies, and most of them are located between the orbits
of Mars and Jupiter, in the Main Asteroid Belt. A category called NEA, or Near Earth Asteroid, is
composed by celestial bodies that have trajectories passing near the orbit of the Earth.>* Another
important point to consider is the majority of the asteroids have irregular shapes and are rotating
bodies™ > ®, which makes the task of studying orbits around them more difficult. Those character-
istics explain why to make some generic mapping of orbits around those bodies can be very im-
portant and useful in the mission design phase. After making a more general decision about which
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orbits to use, more detailed studies can be done using mathematical models that are more accu-
rate.

PROBLEM FORMULATION

Many small bodies that are known at the present time have elongated shapes that can be ap-
proximated by ellipsoids.”® There are many forms to represent the potential of those bodies, and
one of the most common solution found in the literature consider that the asteroids with ellipsoid
shapes can be modeled in terms of spherical harmonics expansion.” ' ' In this paper, a closed
form for the gravitational potential of the spheroids will be used, based in the results shown by
Kellog'? and MacMillan."

Spheroids are figures that have two equal principal axes and a third axis that is different from
the other two. The spheroids that are analyzed here are the prolate and the oblate cases, which are
represented in Figure 1.

Prolate

Oblate

Figure 1- Oblate and prolate spheroids.

For the prolate spheroid, the major axis is ¢, and a are the two smaller axes. The oblate sphe-
roid have two major axes, represented by a, and, in this case, a minor axis called c.

The non-spherical bodies considered in this work can represent well the shape of many minor
bodies known in the Solar System, if the distances of the orbits of the spacecraft are not too close
to the surface of the asteroid. For cases that require a more precise model, for example when a
very close proximity to the asteroid is required, or even a descent trajectory to the surface of the
asteroid is considered, it would be recommended to choose another model for the potential. Sev-
eral choices are available in the literaure'" '* '* However, the intention of the method that is pre-
sented here is to evaluate for which orbits the perturbation is larger or smaller and how fast is the
change in the orbital elements due to this perturbation. Thus, the purpose is not to obtain the pre-
cise values of the disturbing forces or the fuel consumption to make station-keeping maneuvers,
but to find families of less perturbed orbits, which can be good candidates to place a spacecraft, if
the goal is to minimize orbital variations.

The potential of oblate and prolate spheroids are given by Equations (1) and (2), respective-
ly."> P The difference of the two cases of spheroids is that for an oblate spheroid a > ¢, and for
the prolate spheroid ¢ > a.
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Where a and ¢ are the axes, and o the density of the body, assumed to be constant.
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According to MacMillan", the term k in the equations for the potential of spheroids satisfies
the Equation (3) shown below.
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The density can be written as a function of the total mass of the body, and this relation is given
by Equation (4).
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In this equation M is the mass, a and c are the axes of the spheroid. The gravitational potential
will then be used to obtain the perturbation integral, or P/, which can be seen in previous works
available in the literature." '®*° This integral gives the change in the velocity caused by the per-
turbation, and it depends on the initial conditions of the body and the spacecraft. Therefore, by
testing several different configurations for the initial orbits, it is possible to look for the cases
where the trajectory is less affected. This integral is given by Equation (5). "'

PI = [ |Grad(V)|dt 5)

To be able to work with the eccentric anomaly, some arrangements needs to be made. The
mean anomaly M is written in the form given by Equation (6). The derivative of M is obtained in
Equation (7). After some algebraic manipulations, the resulting equation for the perturbation inte-
gral, as a function of the eccentric anomaly E, can be seen in Equation (9)."

M=M,+n(t—-t,) =E—esin(E) (6)
dM = ndt = (1 — ecos(E))dE (7)

__ (1—ecos(E))dE
- n

dt ®)



1 21
PI = Zfo |Grad(V)|(1 — ecos(E))dE )

In those equations 7 is the mean motion, e the eccentricity, Grad (V) is the gradient of the po-
tential, and £ is the eccentric anomaly.

To calculate the perturbation integral, the partial derivatives are obtained from Equations (1)
and (2). The PI considers only the disturbing term, so the keplerian term is subtracted from the
equations for the potential before the gradient is calculated. Equations (10), (11) and (12) show,
for the oblate spheroid case, the derivatives with respect to x, y, and z, respectively.
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Where G is the gravitational constant with value of 6.6738x10™"! m*/kg.s>. The same process of
obtaining the partial derivatives is made for the case of a prolate spheroid. The results are shown
in Equations (13) to (15).
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In order to normalize the results, the integral of the partial derivatives, that gives the PI,
is divided by 2.

RESULTS
Oblate Spheroid

The amount of perturbation over time may now be analyzed calculating the integral of the po-
tential derivatives over a period of time. Several initial configurations can be used to test which
one have the minimum value for the perturbation integral. First the results for the case of an ob-
late spheroid are shown. The initial values used in the following results are: the dimensions of the
oblate spheroid is 5 km for the major axes and 2.5 km for the minor axis; the orbital radius for the
oblate and prolate cases is 10 km; the mass considered, also for both cases, is 2x10" kg. Figure 2
shows the acceleration as a function of the inclination of the orbit for one orbital period, consider-
ing a circular orbit.
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Figure 2- Acceleration for one revolution for an oblate spheroid.

The oblate spheroid has two equal major axes, thus the acceleration for an equatorial orbit is
constant in every point of the orbit. Figure 2 shows that the variation of the acceleration is much
higher for polar orbits. That is because the ¢ axis measures half of the length of the major axes, so
when it passes closer to the body, the acceleration grows, and decreases after leaving these near-
est locations. Therefore, the inclination of 90° is the situation in which the acceleration varies the
most. This result is expected, in general, but the results shown here uses a new way to quantify
those differences observed.

Using Equation (9), Figure 3 shows the evolution of the perturbation integral, as a function of
the inclination for one orbital period, also considering a circular orbit. Figure 3 shows that the
maximum variation of the PI happens when the inclination is 90°, which is a polar orbit, and it is
where the size of axis suffers more changes during the revolution, confirming what was explained



for the acceleration. Besides that maximum, it is also noted a minimum value, near the inclination
of 0.6 radians, equivalent to 34 degrees. Next, the perturbation integral is shown again, now as a
function of the inclination, but for elliptic orbits, with several values for the eccentricity.
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Figure 3- Perturbation integral as a function of the inclination for an oblate spheroid in a circular
orbit.

From Figure 4, that shows five values of eccentricities, from zero to 0.4, it can be seen that,
the more eccentric is the orbit, the lager will the change in the velocity due to the perturbation,
which means that the orbit is more perturbed. When the orbit starts being more elliptic, the equa-
torial orbit begins to have higher values for the P/, due to the fact that the oblate spheroid has the
major axes in the equatorial plane. Therefore, as the eccentricity increases, the periapsis of the
orbit becomes increasingly close to the body, resulting on a higher perturbation in these points.

The distance from the body is also a point to be analyzed. The orbital radius considered up to
this point is 10 km. The results for the perturbation integral for a semi-major axis from 10 km to
25 km can be seen in Figure 5, for inclinations of 0, 45°, and 90°, always considering a circular
orbit.
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Figure 4- Perturbation integral versus inclination for an oblate spheroid. Blue, e = 0; Red, e = 0.1;
Orange, e = 0.2; Green, e = 0.3; Magenta, e = 0.4.



The same initial data used in the previous graphic is shown in Figure 6, but also for the case of
elliptic orbits. The values for the eccentricity used were: zero, 0.1, 0.2, 0.3 and 0.4.

The effect of different values for the eccentricity can now be seen alone, in Figure 7, for an
orbit with semi-major axis of 10 km.
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Figure 5- Perturbation integral versus semi-major axis for circular orbit, for oblate spheroid.

The eccentricity has about the same affects for orbits with inclinations of 0, 45°, and 90°,
changing slightly faster for the equatorial orbits because of the major axes. Because the major
axis is twice the size of the minor axis, as the eccentricity increases, it may reach the situation of
colliding with the body at the periapsis first for the equatorial plane, as explained before. In all
cases, the perturbation integral grows very fast between the values of 0.4 and 0.5 for the eccen-
tricity, because of the proximity from the body. The increase of the perturbation when getting
closer to the body was discussed in the previous results, and is confirmed in Figure 7.
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Figure 6- Perturbation integral versus semi-major axis for eccentricity from 0 to 0.4. Green is
equatorial orbit; Red is for i = 45°; Blue is polar orbit.
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Figure 7- Perturbation as a function of eccentricity for i = 0,i = 45°, and i = 90°.

Another test that will be presented next is to vary the value of the major axis a. Figure 8 shows
the P/ as a function of the major axis with values ranging from 3 km to 7 km.

When the value for the a axis is larger, it differs more from the ¢ axis, which measures 2.5 km.
In other words, for the chosen parameters, it is when the body is more elongated. For the lowest
value of a, which is 3 km, the difference from the ¢ axis is smaller, getting close to become a
sphere. In the case of a homogeneous sphere, the P/ should suffer no changes for a circular orbit
for any inclination, because the gravitational force is the same everywhere around it.
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Figure8- Perturbation integral as a function of the inclination for different values for a axis.

Prolate Spheroid

Some results will also be presented now for the prolate spheroid. The same values used in the
previous results for the mass and orbital radius are used here. The minor axis a is considered to



measure 2.5 km, and the major axis ¢ is 5 km. The acceleration for one revolution is shown in
Figure 9 for the prolate spheroid with inclinations of 0°, 45°, and 90°, considering a circular orbit.

Since the two minor axes in the equatorial plane are the same, it is possible to see in Figure 9
that the acceleration is constant. For an inclination of 45° a small variation starts to appear. It is
very noticeable that, for polar orbits, the acceleration varies the most. This is because the major
axis c is twice the length of the minor axes, and for an inclination of 90° the orbit passes by the
two extreme values.

Figure 10 shows the perturbation integral as a function of the inclination for the following val-
ues of eccentricity: 0, 0.1, 0.2, 0.3, 0.4, and 0.5. As for the oblate spheroid, in equatorial orbits
there is no change in the size of the axes, because both axes have equal measurements. Therefore,
the change in the velocity is greater for polar orbits. Because the major axis for the prolate sphe-
roid is the ¢ axis, which is in the polar plane, even with the increase of the eccentricity, the polar
orbits are still the most perturbed cases, different from the oblate spheroid.

The change in the velocity is greater for very eccentric orbits, and because of the elongated
shape of the prolate spheroid, the pattern of the P/ being higher for polar orbits is the same, just
changing the magnitude.

The variation of the orbital radius is studied ranging from 10 km to 25 km, and the P/ is pre-
sented as a function of the semi-major axis for a circular orbit in Figure 11. For closer orbits, it is
noticed that, for an inclination of 90°, the perturbation integral shows higher values. For inclina-
tions of zero and 45° the results are practically the same. When the semi-major axis of the orbit
increases, which means that it is moving away from the body, the P/ decreases. This is consistent
with the fact that, the closer from an irregular body, the greater will be the effects of the perturba-
tion on an object around it.
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Figure 9- Acceleration for one revolution for a prolate spheroid.

The next result, in Figure 12, shows the perturbation integral as a function of the eccentricity.
The green and red lines, representing the cases for i= 0 and i= 45°, respectively, arealmost super-
imposed, as it was for the variation in the semi-major axis. The rise of the change in velocity hap-
pens faster when the orbit starts getting more eccentric. After eccentricity of 0.4, the PI grows
rapidly, even faster for polar orbits, because it is getting too close to the body.
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Figure 10- Perturbation integral versus inclination for a prolate spheroid. Blue, e= 0; Red, e=0.1;
Orange, e=0.2; Green, e= 0.3; Magenta, e= 0.4; Black, e= 0.5.
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Figure 11- Perturbation integral versus semi-major axis for circular orbit for a prolate spheroid.
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Figure 12- Perturbation as a function of eccentricity for i= 0, i= 45°, and i= 90°, with a=10km.
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Figure 13considers the variation of the a axis, which for the prolate spheroid is the minor axis.
The values for a goes from 500m to 4 km. Recalling that, the c axis used here measures 5 km.

For smaller values for the minor axis the P/ has higher values, because the body is more like
an ellipsoid. When the value for the minor and major axes are almost the same, represented in
magenta color in the figure above, the perturbation is minor, because the shape of the object is
approximately like a sphere, as was already explained for the oblate spheroid previously.
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Figure 13- Perturbation integral as a function of the inclination for a prolate spheroid for differ-
ent values for aaxis.

Rotation

The results already presented considered an orbit around a fixed body. Using ellipsoids to rep-
resent small celestial bodies is a valid approximation in most cases, but it is important to remem-
ber that asteroids are spinning and some of them quite fast. The rotation of small bodies can be
deduced, for example, from light curves.”* ** Most of the asteroids are rotating around its princi-
pal axis, which is the one of the largest moment of inertia. Very few are in a different types of
rotation, like asteroid Toutatis, that is in a complicated tumbling rotation.” ?® Therefore, the re-
sults presented here will consider that the spacecraft is in a circular orbit around a rotating celes-
tial body. For the oblate spheroid case, results with rotation in the three axis were obtained. Fig-
ure 14 considers rotation in the z axis for several rotational periods, denoted by R (R = 0 means
no rotation).

Because of the symmetry of having two equal axes, the rotation for a spheroid in the z axis is
not affected by the change in the angular velocity. This is true for both spheroids, oblate and pro-
late. Changing the axis of rotation generates different results. Figure 15 and 16, consider rotation
in the y and x axis, respectively, and show the perturbation integral as a function of the inclina-
tion.

In Figures 15 and 16, as the rotation period changes, the difference of the behavior of the
curves can be noticed. For the x and y axes, the case with no rotation, in blue line, and the case of
the slowest rotation, in magenta, are very similar. As for the other values of angular velocity, the
PI varies differently for each particular case. It is clear that the rotation of the celestial body may



increase or decrease the total perturbation. In the example shown in Figure 15 the rotation with a
period of 48 hours has the minimum average perturbation. The relative differences are not negli-
gible, which means that the rotation must be taken into account to get accurate results. It is also
noted that the minimums are not only different in terms of magnitude, but their locations are also
modified. It means that the solution of the problem of finding the less perturbed orbits depends on
the speed of rotation. Therefore, it is important to know this information in order to make a better
orbit selection.
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Figure 14- Perturbation integral versus inclination for different rotation periods in z axis for an
oblate spheroid.
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Figure 15- Perturbation integral versus inclination for different rotation periods around the y ax-
is.

The examples shown above considered a prograde rotation. Considerations for retrograde rota-
tion can also be made. For rotation in any of the axis, the polar orbit tends to have much higher
values for the P/, which is expected, since the different axis is in the polar plane.
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Figure 16- Perturbation integral versus inclination for different rotation periods around the x ax-
is.

Lagrange’s Planetary Equations

For bodies that are not point masses, the variations of each orbital element can be obtained us-
ing the planetary equations of Lagrange. This set of six differential equations gives the rates of
change of the elements considering the disturbing function.” Equations 16 to 21 are the six equa-
tions.

da _ 2 dv 16
dt  nadM (16)
de 1-e? 0V V1-e2 9V 17
dt  na2e OM naZe Jdw a7
di . 1 av cosi av (18)
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Figures 16 to 24 show the results of the rate of variation of the orbital elements, as predicted
by the Lagrange planetary equations. Those plots are also an alternative to make mappings that
identifies orbits that are less perturbed, therefore complementing the integral approach in helping
to find orbits that are more stable, by having smaller initial variations rate at the beginning of the
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orbit. It is clear that there is a good correlation between the curves generated by the integral ap-
proach and the variation of the elements. An exact correspondence is not expected, because the
integral approach measure the total perturbation received by the satellite, which perturbs all the
keplerian elements, while the view based in the Lagrange planetary equations shows the effects of
the perturbation in each individual orbital element. So, even if a specific orbital element has a
constant evolution for a situation where the integral approach shows the existence of perturba-
tions, it is possible that there is another orbital element being disturbed.

Figures 16 to 18 show the variation of the semi-major axis as a function of the three orbital el-
ements: semi-major axis, eccentricity and inclination, respectively. The correlation of the
graphics with respect to the results obtained for the perturbation integral is very clear, showing
that the contribution of this element to the perturbation is higher for smaller values for the semi-
major axis. Regarding the effects of the eccentricity, shown in Figure 17, the results confirm that
its increase causes more perturbation to the spacecraft. The dependence with the inclination is
shown in Figure 18, that also evidence the maximum of the perturbation occurs for the polar or-
bit.
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Figure 16- da/dt as a function of the semi-major axis for an oblate spheroid.
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Figure 17- da/dt as a function of the eccentricity for an oblate spheroid.
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Figure 18- da/dt as a function of the inclination for an oblate spheroid, for different eccentricity
values.

Next, using Equation (17), the rate of variation of the eccentricity is presented in Figures 19-
21. For all the graphics there are three lines, representing different values of inclination, in which
green is for equatorial orbits, red for inclination of 45°, and blue for polar orbits. Similar results
are obtained for the behavior of the eccentricity as a function of the semi-major axis of the orbit
(its increase reduces the effects of the perturbation) and the inclination (the peak at the polar or-
bits). On the opposite side, the effects of the eccentricity has a different behavior. At the begin-
ning (small eccentricities), the increase of the eccentricity decreases the rate of variation of the
eccentricity, which means that it reduces the perturbations in this orbital elements. This is oppo-
site to the predictions made by the integral approach and the explanation for that fact is that the
perturbation is acting on the other orbital elements.
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Figure 19- de/dt as a function of the semi-major axis for an oblate spheroid.
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Figure 20- de/dt as a function of the eccentricity for an oblate spheroid.
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Figure 21- de/dt as a function of the inclination for an oblate spheroid, for different eccentricity
values.

The following series of graphics that are shown next are made for the evolution of the rate of
variation of the inclination, obtained from Equation (18). Figures 22 to 24 show the variation of
the inclination as a function of the semi-major axis, the eccentricity, and the inclination, respec-
tively. Those results are well connected with the integral approach, showing that decreasing the
semi-major axis and increasing the eccentricity of the orbit increases the perturbation made in the
inclination. The maximum for the polar orbits are also confirmed.

Thus, the results obtained using the Lagrange’s planetary equations makes it possible to ana-
lyze the effect of each orbital element independently, and therefore, evaluate which element is
more affected due to the configuration of the orbit and the celestial body shape.
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Figure 22- di/dt as a function of the semi-major axis for an oblate spheroid.
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Figure 23- di/dt as a function of the eccentricity for an oblate spheroid, for different inclinations.

{Green » ¢ =0, Red - ¢ = 0.2, Blue » ¢ = 0.4}
T T [ T T T T [ T T T T [ T T T T

0000015 -
000001 + B
o /\ 7

05 10 15 20 25 30
i[rad]

di/dt

Figure 24- di/dt as a function of the inclination for an oblate spheroid, for different eccentricities.



In order to complement the results generated so far, the gravitational acceleration was used to
plot trajectories to finalize the analyses. Figure 25 shows, for the oblate spheroid, 200 revolutions
for an equatorial orbit, where: image a considers a circular orbit and semi-major axis of 10 km;
image b is made for an elliptic orbit (e = 0.3) with the same value for the semi-major axis. It is
clear the effects of the larger perturbation in the eccentric orbit. Remember that the dimensions of
the oblfge spheroid are 5 km and 2.5 km for the major and minor axis, respectively, and the mass
s 2x10™ kg.

Figure 25 - Oblate spheroid, i = 0, 200 revolutions, semi-major axis = 10 km. a) e =0; b) e = 0.3.

Hereafter, on Figure 26, the configurations are the same as the previous images, except for the
inclination, that in this case is 90°. Also, there is image ¢, showing the case of a more distant or-
bit, with semi-major axis of 40 km. It is clear that the effect of the eccentricity is to increase the
perturbation, as well as the fact that the polar orbit is more perturbed. The fact that the non-
spherical shape perturbs more the orbit when closer to the body is also noticed, proving the re-
sults obtained before.

Figure 26 - Oblate spheroid, i = 90°, 200 revolutions. a) e = 0, semi-major axis = 10 km; b) e = 0.3,
semi-major axis = 10 km; c) e = 0, semi-major axis = 40 km.
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The last images represented a body in a fixed position. Figures 27 and 28 consider that the
body is rotating, in a circular orbit, with a period of 4 hours, for an equatorial and polar orbit,
respectively. In this case it was performed five revolutions around the body. Images a consider
rotation in the x axis, images b in the y axis, and on images c¢ the rotation is in the z axis.

—0000

Figure 27 - Oblate spheroid, e =0, i = 0, 5 revolutions. a) Rotation in x axis; b) rotation in y axis;
¢) rotation in z axis.

—nonal |

Figure 28 - Oblate spheroid, e = 0, i = 90°, 5 revolutions. a) Rotation in x axis; b) rotation in y axis;
¢) rotation in z axis.

These figures illustrate the good correlations between the integral approach, the variations
based in the Lagrange’s Planetary equations and the trajectories. They confirm the configurations
where the perturbation is larger, obtained with the analyses of the perturbation integral. They also
show the importance of considering the right rotation axis of the object, since the intention is to
make an analogy to minor bodies of the Solar System, that are rotating irregular shaped bodies.

CONCLUSION

In this work the study of perturbation of non-spherical bodies is presented. A method for eval-
uating the amount of perturbation depending on the initial configuration was tested. The formula-
tion of the partial derivatives of the potential of spheroids was obtained using the equations of the
potential for the specific cases that were chosen. Some results have been shown for the case of

19



oblate and prolate spheroids. Many cases can be tested changing the initial configurations, and
then, the analyses of the cases where the perturbation is smaller can be obtained. Satellites suffer
perturbations, changing their initial position, which can be controlled with the use of thrusters.
Therefore, knowing the orbits that will have less effect on the satellites is a very import topic for
space mission. An alternative mapping based on the Lagrange Planetary equations were made and
showed a good correlation with the integral approach. The gravitational acceleration plotted also
confirmed the results obtained from the other analyses. The combination of the results quantified
how the increase of the semi-major axis and the decrease of the eccentricity decrease the pertur-
bation from the irregular shape of the celestial body. It is also shown that the effects of the incli-
nation is to generate a maximum level of perturbation for polar orbits. In this way, the present
paper can help mission analyses to choose orbits that are less perturbed to place their satellites.
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